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t = 2, 53 �=�Y�&�Y�&���Y�&�&�Y�&�Y�&�&�Y���&�Y�&�Y�&�&�Y�&�Y�&���Y�&�&�Y�&�Y�&� @5@

9D�AB � aUQDJDA6G*(�QD`HI L�QDaUVWE L�[KI+,ZL�JML�FHE ��ADQDhZi�a JDL�GBFZQD@Bi�a J+F b�aUVWGdL VP
� bML�VBL�a

GdVBL�QD@BIT@WGBaUV�JDF�Gda�`ZaO@BITE�b+[KFZ@ `ZaUE Ltoco = 29nm � �Y�&�Y�&���Y�&�&�Y�&�Y�&� @ 8
9D� � � aUQDJDA6G*(�QD`HI L�QDaUVWE L�[KI+,ZL�JML�FHE ��ADQDhZi�a J+F1GBFZQD@Bi�a�JDL�b�aUVWGdL VP

� bML�VBL�a
GdVBL�QD@BIT@WGBaUV�JDF�Gda�`ZaO@BITE�b+[KFZ@ `ZaUE Ltoco = 50nm � �Y�&�Y�&���Y�&�&�Y�&�Y�&� @ 8

9D� 6 � � aUQDJDA6G*(�QD`HI L#QDa�VBE�L�[KI ,jL�JML�JDF�ADE GdVBL�QD@WIK@WGBaUV GBa6`Ha#@BITE�bD[TFZ@ FZE���A+QDhji�a�JDL
GdFHQD@di�a JDFtb aUVcG L+� VP

�.FtJML FHQDFZVWkUI L�IKQD`HIKJDFHQnGdF�� Ltoco = 50nm F W =

10nm � �Y�&�&�Y�&���Y�&�Y�&�&�Y�&�Y�&���Y�&�&�Y�&�Y�&�&�Y�&���Y�&�Y�&�&�Y�&� @5B
9D� 656 � aUQDJDA6G*(�QD`HI L#QDa�VBE�L�[KI ,jL�JML&JDF�ADE GBVdL�Q+@BIK@cGdaUV JDF Gda�`Za�@WIKE	bD[KFH@.FZE ��ADQDhji�a

JML�GdFZQ+@di�a&JDF b aUVcG L+� VP
� Ltoco = 50nm � W = 10nm F E = 55, 8meV � !

`ZaUE	b�aUVWGdL�E�FHQnGda�FZVWV'��GBIK`Ha�JML&`HaUQDJDA6G*(�QD`HI L8�g`ZaUQ+@BFZe /�&HQD`ZIKL_JDFgF��6IT@WGdITVxE L�IK@
JDF�ADE E	a6J+a�F��6`ZI G L�JDa+� �&�Y�&�&�Y�&���Y�&�Y�&�&�Y�&�Y�&�&�&�&�&�Y�&�Y�&�&� @ �

9D� 6 � � IT@WG L#FH@BefADFHE ��GBIK`ZL	JDa�GBVdL�QD@WIK@cGdaUV�JDF�GBa6`Ha	efA)(�QfGBIK`Ha�JDF�b�aUVWGdL�@�aUb�aU@WGdL�@Z� @ �
9D� 6 � � aUQDJDA6G*(�QD`HI L JDa�GBVdL�QD@WIK@cGdaUV J+F.Gda�`Za�efA)(�QnGdIT`Za�JDF�b�aUVcG L�@xaUb�aU@cG L�@ efA)(�QfGBIK`Ha

FZE ��A+QDhji�aOJML�GdFHQD@di�a�JDF�b�aUVWGdL VP
� Ltoco = 50nm FHE L�E#C�aU@�aU@g[ L�JDaU@Z� 8��

9D� 6 9 � IT@WG L#FH@BefADFHE ��GBIK`ZL	JDa�GBVdL�QD@WIK@cGdaUV.GBa6`Ha	J+ADbD[KaOefA)(�QnGBIK`Za+� �&�&�&�Y�&�Y�&�&� 8 6

�6IKITI



9D� 6 7 � aUQDJDA6G*(�QD`HI L&JDFRA+E L�GdVdL�QD@BIT@WGda�V=GBa6`Ha_JDA+bD[KaYe�A�(�QnGdIK`Ha_FHE ��A+QDhji�aYJML&GBFZQ �
@di�a�J+F#b a�VWG L VP

�9L @BFZbDL�VdL�hZi�a1FZQnGdVWF�aU@wGBa6`HaU@ S � 10nm � Ltoco = 50nm

bML�VBL	L�E#C a�@.Gda�`ZaU@H� �&�Y�&�Y�&�&�Y�&���Y�&�Y�&�&�Y�&�Y�&�&�&�&�&�Y�&�Y�&�&� 8 6
9D� 6 @ � aUQDJDA6G*(�QD`HI L JDF_ADE L GBVdL�Q+@BIK@cGdaUVwJDF_Gda�`Za�J+ADbD[Ka�efA)(�QfGBIK`Ha�FZE ��A+QDhji�a�JDL

GdFHQD@di�awJML b a�VWG L VP
�nLw@BFHbML�VBL�hji�awFZQnGdVWF�aU@^GBa6`HaU@ S � 20nm � Ltoco = 50nm

bML�VBL	L�E#C a�@�aU@.Gda�`ZaU@H� �Y�&�Y�&�&�Y�&���Y�&�Y�&�&�Y�&�Y�&�&�&�&�&�Y�&�Y�&�&� 8U�
9D� 6 8 � IT@WG L#FH@BefADFHE ��GBIK`ZL	JDa�GBVdL�QD@WIK@cGdaUV.GBa6`HaOGBVBITbD[Ka�efA)(�QnGBIK`Za+���&�&�&�Y�&�Y�&�&� 8U�
9D� 6 B � aUQDJDA6G*(�QD`HI L&JDFwADE�L&GBVdL�Q+@BIK@cGdaUV Gda�`Za&GdVBITbD[Ka&efA)(�QnGdIT`ZaYFZE ��ADQDhji�a#JML&GBFZQ �

@di�a�J+F�b aUVcG L VP
�ML#@WFZbML�VdL�hZi�aOFZQnGdVWF�aU@.Gda�`ZaU@ S � 18nm � Lestube = 50nm

bML�VBLOa�@.GdV�&H@ GBa6`HaU@Z� �&�Y�&�Y�&�&�Y�&���Y�&�Y�&�&�Y�&�Y�&�&�&�&�&�Y�&�Y�&�&� 8��

�6ITS
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� ����� � � ���	� �

.wL_S�ITJML#`Za�GBIKJDIKL�QML&QMi�a�@BF�b�FZVW`ZFZC�F�efADF�L#E�L�G,�HVBI LY`ZaUQD@WIK@cGdF�JDF���GBaUE	aU@Z��b a�IK@.FH[KFZ@ @di�a�G i�a
b�FZefADFZQ+aU@.efADF aU@ aUC��WF GdaU@ S�IT@�	TS�FZIT@ `HaUQnG'&ZE ADE Q �DE	FZVBa I5IKQ+`ZaUQnG*�jS�FZ[ K J+FZ[KFH@Z� � @WGBFZ@.a�C��WFHGBaU@
@di�a�JDFH@B`HVBITGBaU@ b aUVgbDVWaUbDVWIKFZJDL�JDFZ@gE�L�`ZVWaU@B` �UbDIT`jL�@�G L�IK@�`Za�E�a	JDADVWF#,jL	F�`ZaUQDJ+A+GdI S6ITJML�JDF�efADF��
b�aUV.@BADL�S�F#,��MQMi�a#G'&HE VWFZ[ L�hji�a ��CfS�IKL#`ZaUE L#FZ@WGBVBA+GBADVdLOL�G��UE	IK`jL&JML�E L G,�ZVWI L+� Y JDITQ)(�E	IK`jL
JDaU@ aUC��WF GdaU@ E�L�`ZVWaU@B` �UbDIK`HaU@gb a�JDF�@BFHVRb+VBFZJ+ITG LOAD@BL�QDJDa5� @BFYL�@ [KFZIT@�JML��B	K@BIT`jL�`Z[+��@B@WIK`ZL�
 6
��� L�@
FZefAML�h#%�FZ@ JDaOE�a�S�IKE	FZQnGda�J+F:. F
��GBaUQ ��ADE�L�JML�@gL�C�aUVWJML�kUFHQD@gb aU@W@�	 SUFZIT@gbML�VdLOL�JDFH@B`ZVWIKhZi�a
JDFH@WGdFYGdIKb�a	JDF#JDITQ)(�E	IK`jL6� Y GBFZaUVWI L L GdAML�[TE�FHQnGdF&A+GdIT[KI+,ZL�JML�bML�VBL�JDFH@B`HVBFHS�FZV&L�J+IKQ)(�E	IK`ZL�JDF
bML�VcG,	T`ZAD[KL�@.QMLOFZ@W`jL�[KL	L G,�UE	IK`ZL+� ��LOE�FH`.(�Q+IK`jL#efA)(�QfGBIK`ZL+�

! @ � GdaUE	aU@�@Bi�a(F���GdVWFZE�L�E	FZQnGdF ITE�b�aUVWGdL�QnGdFH@Z� "6FZE ADE L C�anL�GBFZaUVWI L L�G��UE	IK`jL JML
E�L�G,�HVBI L �tJDIT�B	T`ZIT[.FZQnGdFHQDJDFHV kUVdL�QDJDFtbML�VWGBF JDL�@ bDVWaUbDVWIKFZJDL�JDFZ@	JDaU@	@���[KIKJ+aU@Z� ! CnS�I L�E	FZQnGBF
S�L�I9@WFZVgb a�@B@�	 SUFH[\E�FHJDIKV�L�`HaUQDJDA+GBITS�IKJDL�JDF�JDF�ADE QDa�SUa	E L�GBFZVWI L�[ ��b�aUV�F �+FHE�b+[KaD�Db�aUV �ZE�S�L�I
@BFHVgIKE	b aU@W@�	 SUFZ[*bDVBFHJDI+,-& � [KL+�

� aUE L_b a�@B@BITCDIK[TIKJML�JDFgJDF ADE�L�`ZFH@B@Wa�`jL�JML_S�F#, E�L�ITaUV L_VBFHkUI+%�FZ@ F ��aUA aUC��WFHGBaU@.`ZL�JML_SUF-,
E	FZQDaUVWFZ@H�=L�FZ@cGdVBA6GdADVBL�L�G,�UE	IK`ZL1GBaUVBQDL�� @WF `jL�JDL SUF-,�E L�IT@YITE�b�aUVcG L�QnGdF���E�L�@_E_ADITGBa L�QnGdFH@
JDa&G L�E�L�Q 
 a�JDF ADE�L � GdaUE	a�IKQDJDI S�IKJDAML�[D@BFHV.L�[T`jL�QDhZL�JDa���FZQ���E�FHQDaU@ JML&E	FZ`#(�QDIT`jL�e�A�(�QnGdIK`ZL
b�a6JDFHE bML�@W@dL�V L�@BFHVBFHE VBFZ[TFHS�L�QnGdFH@Z�

���
� " �	,�� �  ���$% � ��1�	������ � ��1
	3*!�����

�wFH@B`Za�C FHVWG L Q+a IKQDIT`ZITa JDa @��H`ZAD[Ta����#�^L E	FZ`#(�QDIT`jL�efA)(�QnGBIK`jLtQDaU@_��a�VBQDFH`ZF A+E L S�IT@di�a JDa
E#ADQ+JDa�efADF8� CML�@cG L�QnGBF�JDIT��FHVBFZQnGBF�JMLY��aUVWQDFZ`HIKJML#b�FZ[Ta#QDaU@W@BaO@BFHQD@BaO`Za�E#ADEt� �wFZ@WJDF�efADF�FZ[KL
�OADE�L1J+FZ@B`HVBIThji�a JDF���FZQ��UE	FZQ+aU@�FZE�ADE�L�FZ@B`ZL�[ L1C�FZE E	FZQDa�V�JDa efADF	Q��U@&QDaUVWE L�[KE	FZQnGdF

6



�

aUCD@WFZVcS�L�E�aU@H�qQMi�at@BFZVWI L�JDF	@BFO@BA+VBbDVWFZFZQ+JDFZVYe�A+F L1QDaU@W@BatF��6b FHVBI &ZQD`HI L1`Za�GBIKJDIKL�QML QMi�at@BF(�BL
E�L�IK@ S ��[TIKJML6�

Y a�[Ka�QDkUatJML 
 IT@WG��UVBIKL�GBFZE 
 LjS�IKJ+a�ADE�Lt[TaUQDknL1`Za�QfGBVBa�SD�HVB@WI L LtVBFZ@Wb FHITGBa�JMLtQML�GdA+VBF#,ZL
aUQDJ+AD[ L�G��UVBIKLta�A `ZaUVWbDAD@B`HAD[ L�V#JML [KA$,�� Y E_CML�@�L�@_b aU@W@BITCDIK[TIKJML�J+FZ@�bML�VWFZ`ZIKL�E GdFZV_ADE C�aUE
@BA+b aUVcGdF#F �6b FHVBIKE	FZQnGdL�[ � Y b FHQML�@�`HaUE a L�J+SUFHQnGda1JML E	FZ`.(�QDIK`ZL�efA)(�QnGdIT`jL @WF#GdaUVWQDaUA `H[ L�VWa
efADFOL�@�JDADL�@�b a�@B@BITCDIK[TIKJML�JDFZ@R@di�a�bML�VB`ZIKL�[KE	FZQnGBFYSUFHVBJML�JDFZITVdL�@H� Y ITQDJML E�L�IK@R@BADVWbDVBFHFZQDJ+FZQnGdF
�#a � L�GBa�JDF#efADF	L E�L�G,�HVBIKL�G L�E_C �HE b�a6J+F#@BFHV JDFZ@W`ZVWITG L�`HaUE�a bML�VWG�	K`HAD[ L�@RF#`Za�E�a�aUQ+JML�@Z�
� @WGBFwJDFH@B`Za�C FHVWG LY@��Y��a�I�b�aU@W@�	TS�FZ[�JDFw@WFZV VBFZL�[KI ,jL�JML�QDaY@��Z`HAD[KaYbML�@W@dL�JDa_b aUIT@=a_`Za�E�bDVWIKE	FZQnGda
JDF aUQDJML&L�@W@Ba�`ZI L�JDa&L&aUC �WFHGda�@ E�L�`ZVWaU@B` �UbDIT`ZaU@U�gE#ADI Gda�VBFHJDA�,ZITJDa&bML�VdL�@BFHV J+FHGdFH`HGdL�JDaD� � @WGBF
`Za�E�bDVWIKE	FZQnGda�J+F&a�QDJML+�DITQDIK`HI L�[TE�FHQnGdFwb+VBaUb�aU@WGBaOb aUV�J+F # VBaUkU[TIKF�� �

λ =
h

mv
, < 6 � 6 >

aUQDJ+F h = 6.63.10−34Js �_L�`Za�QD@WGdL�QnGdF_J+F#]x[ L�Q+` ��< ��VBFHe�/+FZQnGdFHE�FHQfGBF
~ = h/2π �_AD@BL�JDa > �

FZ@cG L1`ZaUQ+@WG L�QfGBF�J+F �MQDF�L1FZ@B`ZL�[ L�QML1efAML�[xa���FZQ �UE�FHQDate�A�(�QnGdIK`HatGBaUVBQDL�� @WF�IKE	b aUVcG L�QnGBF�� m
�1L E�L�@B@BL JDa�aUC��WF Gda�F v ��L @BAML S�FZ[Ka�`ZITJML�JDF��'.RaUVWE L�[TE�FHQnGdF L QDL�GdA+VBF#,ZL aUQDJDA+[ L�G��UVBIKL
JML�E L�G��ZVWI L � ITE�b�aUVcG L�QnGdF1L�b FHQML�@	bML�VdL�bML�VcG,	K`HAD[ L�@�FZ[KFHE�FHQnG L�VWFZ@OG L�[g`Za�E�a�aU@	FZ[�� GdVWaUQD@Z�
Y b�FZQDL�@YVWFZ`HFZQnGdFHE�FHQfGBF @BF	GdaUVWQDaUA�b a�@B@�	 SUFH[ S�FZVBIM�M`jL�V_L1QML�GBADVBF-,jL a�QDJDAD[KL�G,�UVWI L�JDF ��Gda�E�aU@
F�E	aU[��H`ZAD[KL�@Z� �.L�JML S�F#,�E L�IK@ L QML GdADVWF#,jL aUQ+JDAD[ L G,�UVWI L J+aU@�FZ[��HGdVWaUQD@ GBFZE J+FZI �+L�J+a JDF
@BFHVtL�b FHQML�@�ADE�L `ZA+VBIKa�@BIKJDL�JDF JDF�[KL�C a�VdL�G��UVBITa F�bML�@B@dL�QDJDa L @WF GdaUVWQML�V�ITE�b�aUVWGdL�QnGdF QML
FZ[TFHGBV��UQDIT`jL+�

"6F�L�E�L�G,�HVBI L b�a�JDF @WFZV	JDFZ@W`ZVWITG L�`Za�E�a�aUQDJML�@Z�.ADE�L�efADFZ@cG i�a QDL�GdADVBL�[
�ta efADFtFZ@cG*�
aU@W`ZIK[KL�QDJDa�� ! `ZL�E	b a aU@B`HIK[KL�QnGdF bML�VdL E L G,�ZVWI L
�.Lg��ADQDhZi�a JDF aUQDJML F aw@WFZA�`HaUE�b�aUVcG L�E	FZQnGda
��JML�J+a�b FH[ L FZefAML�hji�a�JDFW"6` 
 V���JDIKQDk�FZVZ�nefADF �.A+E L FHe�ADL�hji�a�JDI ��FZVWFZQD`HI L�[6bML�VB`HI L�[6`ZA��BLw��a�VBE�L
bML�VBL�ADE FZ[��HGBVBaUQD@ � "

(
−

~

2m
∇2 + V (r, t)

)
Ψ(r, t) = i~

∂

∂t
Ψ(r, t), < 6 � �5>

aUQDJ+F Ψ(r, t) ��L���A+QDhji�a JDF�a�QDJML F m ��L E L�@B@dL JDa FH[�� GdVBa�Q9� ! bDVWIKE	FZIKVWa GBFZVBE	a �
L FZQDFHVBkUIKL `ZITQ��HGBIK`jL J+a FZ[�� GdVWaUQ(F V (r) ��L FHQDFZVWkUI L b�a�GdFHQD`ZIKL�[ � � efAML�h#%�FZ@1JDI ��FZVWFZQD`HI L�IT@
@BITE�IT[ L�VWFZ@gL�bDL�VBFH`ZFZE FHE E#ADITGdL�@ ��VBFZL�@wJDL	�B	K@WIK`ZLOFYFZ[KL�@g@di�a FHE kUFZVBL�[qJDIT�B	T`ZFHIK@gJDF&VBFZ@WaU[TS�FZVH�
� aUE	aOFZ[ L�@ @Bi�a	E#ADITGBa�`ZaUE_ADQD@ ADE kUVBL�QDJDF�FZ@c��aUVBhHa	GBFZE @WIKJDaOFZE	bDVWFZknL�J+a�bML�VdL�FZQD`HaUQnGdVBL�V
@Ba�[KADh-%6FH@^L�QML�[�	 GdIT`jL�@9bDL�VdLg`jL�@WaU@ FZ@Bb�FZ`HI L�IT@qF FHE `ZVBIKL�VqL�[TkUaUVBI GdE	aU@*`HaUE	bDA+G L�`ZIKa�QML�IK@*F �M`HIKFZQnGBFZ@
bML�VBL�kUFZVBL�V�@BaU[TADh#%�FZ@ L�b+VBa �6IKE�L�JML�@.Q+aU@gJDFZE�L�IK@�`ZL�@Ba�@Z�



�

� ADL�QDJDa�L�FZQDFHVBkUIKL�b�a�GBFZQD`HI L�[.QDL � efAML�hZi�a 6 � � �1IKQDJ+FZb�FZQDJDFHQnGdF�J+a�GBFZE	b a+� FHQfGdi�a �
b�aU@B@ 	TSUFH[ VWFZ@Ba�[TS &G� [KL � L ,ZFHQDJDa�AD@Wa JDF A+E L�@WFZbML�VdL�hZi�a�JDF S�L�VWI �jSUFHIK@Z� � @cG L ��ADE LtG,�Z`HQDIK`ZL
CML�@cG L�QnGBFY`HaUE#ADE QMLOVBFH@BaU[TADhji�a�JDF&FZefAML�h#%�FZ@wJ+IT��FZVWFZQD`HI L�@gbML�VB`ZIKL�IK@H� .RFZ@cGdFY`jL�@Wa��&b a�@B@�	 SUFH[
FZQ+`ZaUQnGdVBL�VgbML�VBL Ψ(r, t) @BaU[TADhji�a	J+aOGBIKb�a

Ψ(r, t) = ψ(r)φ(t), < 6 � � >

aUQDJ+F ψ(r) F φ(t) @di�a���ADQDh-%6FH@ L�b FHQML�@=JML�@=S�L�VBI+�jSUFZIT@ r F t VWFZ@Wb FH`HGdI S�L�E�FHQnGdF��=X�L ,HFZQDJ+a&FH@WGdL
@BFHbML�VBL�hji�a&JDF�S�L�VBI+�jSUFZIT@xb a�JDFG� @BFg`HaUQD`Z[TADIKV�e�A+FwL�FZefAML�hji�a&JDF "6` 
 V �6JDITQDkUFHVxb a�JDFg@BFHV FH@B`HVBITGdL
JML�@BFHkUADITQfGBF&��a�VBE�L

(
−

~

2m
∇2 + V (r)

)
ψ(r) = Eψ(r), < 6 �:9 >

aUQDJ+F�`ZaUQD@cG L�QnGBF E ��FZQDFHVBkUIKL JDa�FZ@cG L�J+a&`HA��BLw��ADQDhZi�a�JDF�aUQ+JML �gL @BaU[TADhji�a JML � efAML�hji�a 6 � �6�
� @WGdL FZefAML�hji�a � `HaUQ 
 FH`ZIKJDL `Za�E�a FZefAML�hZi�a�J+F "6` 
 V���JDIKQDk�FZV1IKQDJ+FZb�FZQDJDFHQnGdF�J+a GdFHE�b�aD�
! aUb�FZVBL�JDaUV&FZQDFHVBkUIKLtGBa�G L�[U�OG L�E_C �HE `HaUQ 
 FH`ZITJDa�`HaUE�a 
 L�E	IK[ GdaUQDIKL�QDa J+a�bDVWaUCD[KFHE L6� Y
� efAML�hji�a 6 �:9Ob a�JDF�@BFHVgFZ@B`HVBI G L�QML���aUVBE�L$"

Hψ(r) = Eψ(r), < 6 �;75>

aUQDJ+F
H = −

~

2m
∇2 + V (r) < 6 �;@5>

Y � efAML�hji�a 6 �;7 ��ADE�L FZefAML�hZi�a J+F L�A+Gda�S�L�[Ka�VBFZ@H� "6ADL�@WaU[KA+hji�a �1L�bML�VcGdF�FZ@WbML�`HI L�[�JML�@
L�A+GBa���ADQDh-%6FH@Z�DC�FZE `Za�E�a#a�@ S�L�[KaUVWFZ@�L�A+Gda�S�L�[Ka�VBFZ@ JDF FHQDFZVWkUI L_`HaUVBVWFZ@Wb aUQ+JDFZQnGdFH@Z� Y @BaU[TADhji�a
`Za�E�bD[TFHGdL#JML � efAML�hZi�a 6 � � �

Ψ(r, t) = ψ(r) exp

(
−i
E

~
t

)
, < 6 � 85>

aUQDJ+F ψ(r) VWFZbDVWFZ@BFHQnG L L	L�A+GBa���ADQDhZi�aO`ZaUE FZQDFHVBkUIKL E �
Y FZefAML�hZi�a JDF "6` 
 V �6JDITQDkUFHV ��`ZaUE	bD[KF G L�E	FZQnGBF JDFHGBFZVWE�ITQ�	K@cGdIK`ZL+��b�aUIK@ @WF�a S�L�[KaUV�JML

��ADQDhZi�a1JDF�aUQDJDL���a�V `ZaUQ 
 FZ`HIKJDa1FZE ADE JDF GdFHVBE	IKQML�J+a�IKQD@cG L�QnGdF#S�L�I^@BFHV&b�aU@W@�	TS�FZ[xbDVWFZJDI ,ZFHV
a�@WFZA�S�L�[TaUV�FZE efAML�[TefADFZV&IKQD@cG L�QnGBF QDat��A+GdADVWaD��] aUVWGdL�QnGdaD�^ADE L1aUQDJDL JDF�E L�G��ZVWI L�QMi�a �
E#ADI GdaOJDI ��FZVBFHQnGdF�JDF&ADE L�aUQ+JML	`H[ ��@W@BIT`jL+� Y JDIT��FHVBFZQ+hjLOVBFZ@WIKJDF&QMLOIKQnGdFHVBbDVWFHGdL�hji�a	JML���ADQDhZi�a
JDF�aUQDJDL+� Y IKQnGdFHVBbDVWFHGdL�hji�aO`HaUVBVWFZQnGdF���efADF&L���A+QDhji�aOJDF�aUQ+JML�VBFZb+VBFZ@WFZQnG L	ADE�L#JDFZQD@WIKJML�JDF
JDF b+VBaUCML�CDIK[TIKJML�J+F�� .wL VBFZb+VBFZ@WFZQnG L�hji�a AD@BL�JML L�G�� L�k�aUVdL+�.L�bDVBa�CML�CDIT[KIKJDL�JDF1JDF�J+FHGdFH`HGdL�V
ADE�L�bML�VWG�	K`HAD[ L FHE ADE�L�J+FHGdFHVBE	IKQML�JML�b aU@WIKhZi�a�� b+VBaUb�aUVB`HIKaUQDL�[DL�a�efAML�J+VdL�JDa&JML���ADQDhZi�a�JDF
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aUQDJDL1QDL�efADFZ[TF	b�aUQnGda+� � @WGdat@BITkUQDIM�M`jL efADF	L1E�FH`.(�QDIT`jL efA)(�QnGBIK`jL1IKQ+`ZaUVWb aUVBL ADE FH[KFHE�FHQfGBa
��ADQDJDL�E�FHQnG L�[9J+F_L�[TFjL�GBaUVBITFZJML�JDF QML�@BADLO��aUVWE#AD[KL�hji�a+�

! S�L�[TaUVYL�CD@Ba�[KA+GBa JML � L�@WF JML�a�QDJML�QMi�a GdFZE @WIKkUQDIM�M`.(�QD`ZIKLt�B	K@WIK`ZL `Za�Q 
 FZ`HIKJML6�xb aUV �ZE
efAML�QDJ+a�JDAML�@#a�QDJML�@#@Bi�a�L�J+IK`ZITaUQML�JDL�@_L JDIT��FHVBFZQ+hjL VBFH[ L�GBITS�L1JDF � L�@WF S�L�I L ��FHG L�V#L L�E	bD[TIM�
GdA+JDF�JMLO��A+QDhji�aOJDF�aUQ+JML	`HaUE	a	b�a�JDF�@BFHVgS�IT@WGda	QDaObML�J+Vdi�aOJDF�IKQnGBFZVW��FHV�&HQD`ZIKLOE	aU@cGdVdL�JDaOQML
X�ITkUADVdL 6 � 6 �

Onda incidente

T
e

la

Intensidade

X�ITkUADVdL 6 � 6 " � AML�QDJ+a ADE�FH[�� GdVBa�Q ITQD`ZITJDF�FZE�ADE�L ��FZQDJDL JDADb+[ L�ADE�bML�J+Vdi�atJDFOJDIT��VBL�hji�a
IKV��#@BF���aUVBE�L�V.QDL�GBFZ[KL

PREo`ZL�@BaR@BIKE	bD[TFZ@\FZE e�A+F Lg@BaU[TADhji�awL�QDL�[�	 GdIK`ZL JMLgFZefAML�hZi�awJ+F6"�` 
 V���JDIKQ+kUFZV �=� L�`ZIT[KE	FZQnGdF
FZQ+`ZaUQnGdVBL�JML �1a�b+VBaUCD[TFZE�L ADQDITJDIKE	FZQD@WIKaUQDL�[ JDL I bML�VcG,	K`HAD[ L FZE ADE�L�`jL�I �+L K � ] aUQDJDa�ADE
FZ[��HGBVBaUQ�FHE ADE�L#`jL�I �DL#`HaUE bDL�VBFHJDFZ@gJDF�b�a�GdFHQD`ZIKL�[*ITQ �MQDI GdaD�6L#��ADQDhji�a	J+F�aUQDJML#S�L�I9aU@W`ZIT[ L�V
JDFHQfGBVBa JML�`ZL�I �+L�FtGBFZV���S�L�[TaUV ,ZFHVBa���aUVdL�JDFZ[KL�`HaUE	a�E	aU@cGdVdL�JDa QDL X�ITkUADVBL 6 � ���
.RFH@WGdL�@
`Za�QDJDIKh-%6FH@gJDF�`ZaUQnGda�VBQDaD��L#��ADQ+hji�a	JDF�aUQDJMLOJDFHQfGBVBa	JDaOb a�hZaOGdFHV'��ADE E
�D[TGBIKbD[Ta#IKQnGdFHIKVWa�JML
E	FHG L�JDF#JDa�`HaUE�b+VBIKE	FZQnGBaD���.L�JML E �+[TGdITbD[Ka��#ADE E�a�JDaD� Y `jL�JML E	a�JDaS��L�@W@Ba�`ZIKL�JDa�ADE
S�L�[Ka�V.JDIT��FHVBFHQfGBF�JDF�FZQDFHVBkUIKLOJDL�JDaOb a�V#"

En = n2 ~
2π2

2mW 2
, < 6 �;B >

aUQDJDF m �OL E L�@B@dL�JDa�FH[�� GdVBa�Q9� W �OL [KL�VBk�ADVdL J+atb�a�hZa�F n ��a�Q �DE	FZVWatJ+a�E�a�JDaD� Y
FZQ+FZVBk�I L+�^e�A+F `Z[KL�@B@WIK`jL�E�FHQfGBF � `HaUQnG,	TQ�ADL+�xL�kUa�VdL�L�@B@BA+E�F	S�L�[KaUVWFZ@_J+IK@B`HVBF GdaU@H� � @B@BL � ADE�L
bDVWaUbDVBITFZJML�JDF�`jL�VBL�`HGBFZV 	K@WGBIK`ZLOJDL��B	T@BIT`jL#efA)(�QnGdIT`jL+�

"6F�L�a�ITQnSD�Z@�JDFtADE L�CML�VBVBFHIKVBL�JDF1b�a�GdFHQD`ZIKL�[�IKQ �MQDITGdL+� FZ@B@BL CML�VBVBFHIKVBL���a�V �DQDITGdL+� L�b FG�
QML�@���b�aU@B@ 	TS�FZ[wkUL�VdL�QnGBIKVOefADF a�b+VBIKE	FZITVBa�Q�	TS�FZ[ JDF�FHQDFZVWkUI L�@BF(�BL�`ZaUQ �MQML�JDa+� ! @ aUA6GdVBa�@
Q�	 SUFZIT@�b a�JDFHVdi�a @WFZVOaUA QMi�a�`HaUQ �MQDL�JDaU@�JDFHb FHQDJDFHQDJDa�JML�@�JDITE�FHQD@�%�FZ@�JML `ZL�I �+L+�xefAML�QDJDa
`Za�E�bML�VdL�JML#`HaUE L	L�[TGBADVdL#JDLOCDL�VBVWFZIKVBL+�
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E
1

E
2

E
3

Potencial infinito Potencial infinito

X�IKkUA+VdL 6 � ��" Y ��ADQDhZi�a	JDF�aUQDJML�JDFHQfGBVBa	JDF�ADE�LO`ZL�I �+L�`Za�E CML�VWVBFZITVdL#b�a�GdFHQD`ZIKL�[9ITQ �MQDI G L+�

Y E	FZ`#(�QDIK`ZL	efA)(�QfGBIK`ZL��&ADE L�@B@WADQnGda S�L�@cGda F&`Za�E�bD[TF��6aD�gP E LOJDFZ@W`ZVWIKhji�a @dL GdIK@c� L�G,��VBI L
JDF�@WFZAD@�`HaUQD`ZFHITGBaU@�C)��@WIK`Za�@#IKVWI L VWFZefADFHVBFZV�C�FZE E L�IK@_J+a�e�A+F1L�[KkUA+QD@_b�aUAD`HaU@�bML�V���kUVdL ��aU@Z�
� �6IK@WGBFZEt�Mb a�V��ZEt�6S ��VWIKaU@�[TITS�VBa�@ GdF �6GBaU@ e�A+FYL�C aUVWJML�E L�GBFZaUVWI L�efA)(�QnGdIT`jL 
 �6�M�6��9+��7 � �

����� � �  +* 
���* ��
�� ��� �2�
	����
 � %  !� % �����
	��2��*!� 
��  

� E ��GBaUE�a�@\IK@Ba�[ L�JDa�@\aU@qFZ[�� GdVWaUQD@ L�@B@WADE	FZE L�b�FZQDL�@^Q 	TSUFHIK@\JDIT@B`HVBFHGBaU@ JDF=FZQDFHVBkUIKLgJ+F E�L�QDFHIKVdL
L�Q)��[KaUknL L�a b�a6hHa�b a�GBFZQD`HI L�[^`ZaUE CML�VWVBFZITVdL ITQ �MQDI G L+� � AML�Q+JDa�E#ADI GdaU@�� GdaUE	aU@w@Bi�a1b a�@WGda�@
�WADQnGda�@�`ZaUE	a FZE ADE @ �U[KITJDaD� FZ@WGBFZ@�Q�	 SUFZIT@ JDIT@B`ZVWFHGBaU@�@BF�JDFH@BJDa�CDVdL�E FZE CML�QDJML�@�JDF�Q�	TS�FZIT@
`Za�E b FHefADFZQDa_FZ@BbDL�hjL�E	FZQnGBaD� �^L�IK@=CML�Q+JML�@ L�[KkUA+E L�@^SUF#,HFZ@ @BF @BaUCDVWFZb�%6FHEyF L�[KkUA+E L�@ S�F#,HFZ@
JDFHI �+L�E [ L�`HADQML�@ JDF FZQDFHVBkUIKL�@^b+VBaUITCDIKJML�@�
:@ � � � @WGdL�@ CML�QDJML�@^@di�aRJDFZ@W`ZVBI G L�@^b a�V�ADE JDIKL�kUVBL�E L
JDa�GBIKb�a�E	aU@WGBVdL�J+a�QML X^IKkUADVBL 6 � �+��e�A+F E�a�@WGdVBL�L�@_b aU@W@�	 SUFZIT@_`HaUE#CDITQML�h#%�FZ@YJDF FHQDFZVWkUI L F
SUF GdaUV JDF aUQDJDL � < k = 2π/λ ��aUQDJDF λ � a `HaUE	bDVBITE�FHQfGBa�JDF�aUQDJML > � �wF�L�`ZaUVWJDa `Za�E

K

E

Banda de condução

Banda de valência

R
e

g
iã

o
 p

ro
ib

id
a

X�IKk�ADVdL 6 � �$"U�wIKL�kUVBL�E LYJDF�CML�QDJML�G,	TbDIK`Ha�JDF�ADE @WFZE	IK`Za�QDJDA+GBaUVZ�

a�bDVWIKQD`HIKbDITa JML F �6`Z[KA+@di�a�JDF�]^L�AD[TI �xL�b�FZQDL�@#ADE FZ[�� GdVWaUQ b�a6JDF a6`HADbML�V#A+E JDF GdFHVBE	IKQML�J+a



@

FZ@cG L�J+aD� � a�E�a ADE @BIK@cGdFHE L��B	K@WIK`Za1GdFHQDJDF�Lt@BF L�VBVBL�Q��BL�V&JDF�GdL�[x��aUVBE�L1e�A+F�L FHQDFZVWkUI LtJDa
@BIT@WGBFZE�L_@BF(�BL#E�	TQDIKE�L+�naU@�FH[��HGBVBaUQ+@ S�i�a�a�`ZADbML�V.aU@.FH@WG L�JDaU@�JDIT@Bb�aUQ�	TS�FZIT@ JDF E	FZQ+aUV FHQDFZVWkUI L+�
� QnG i�aD� @BFtaU@�Q 	TSUFHIK@OJDFtFZQDFHVBkUIKL���a�VBFZEm@WFZQDJ+a�bDVWFZFZQ+` 
 IKJDa�@Z�gN�GdFZE	b�FZVdL GdADVBL 0K � JDFH@BJDF
L�FHQDFZVWkUI L�E�L�IT@&CDL�I �+L L�G�� efADF GBa6J+aU@_aU@_FZ[�� GdVWaUQD@YGBFZQ 
 L�E @WIKJDa�A+GdIT[KI+,ZL�JDaU@H�^a�E L�IT@&L�[TGBa
Q�	 SUFZ[�J+FtFHQDFZVWkUI L�a�`ZADbDL�JDa �1JDFZQDa�E�ITQML�JDa�JDF���������)^a�A	�J�
����
 ���2&���������� � � < EF

> � � E
GdFHE�b�FZVBL�GdA+VdL�@gE�L�IKaUVWFZ@.efADF&a ,ZFZVWa L�CD@BaU[TA+Gda+�ML�[Kk�ADQD@gFZ[��HGdVWaUQD@�S�i�a�GdFHV FHQDFZVWkUI LOADE b�aUAD`Ha
L�`HIKE�L JDa�Q�	TS�FZ[MJDF XMFZVWE�I ��FZQ+e�ADL�QnGda#L�[KkUADQ+@ FZ@cG L�JDa�@ L�CDL�I �6a�JDa�Q�	 SUFZ[��D`jL�VBi�a�S�L ,ZIKa�@Z� � @cG L
L�[Ta6`ZL�hji�a&JDFRFZ@WGdL�JDaU@&�wJDFH@B`HVBITGdLYb�FZ[KLYJDIT@WGdVWIKCDA+IKhji�a&J+F XMFZVWE�I ��efADFRJ)�#L&bDVBaUCDL�CDIK[TIKJML�JDF�efADF
ADE FH@WGdL�JDa	`ZaUE FHQDFZVWkUI L E FH@WGdF(�BL	a�`ZA+bML�JDaD�

f(E) =
1

1 + exp[(E − EF )/kBT ]
< 6 � � >

aUQDJ+F T �&L�GBFZE	b FHVdL�GBADVdL�F kB = 1, 38 × 10−23J/K �&L�`ZaUQD@cG L�QnGBFYJDF�# a�[TG',HE L�QDQ9�
� FHFZ@B`HVBF SUFZQ+JDaOLYVWFZ[ L�hji�a&JDFwJ+F # VWaUkU[TIKF < 6 � 6 > �faUC+GdFHE � @BF ADE�L&VWFZ[ L�hji�a&FZQnGdVWFwa&SUFHGBaUV JDF

aUQDJDLOF&L�SUFH[Ka�`ZIKJDL�JDF��
v =

~

m
k < 6 � 6 �5>

]^a�VWG L�QfGBa GBa6J+a FZ[�� GdVWaUQ(e�A+F�GBFZE S�FHGda�VtJ+F�a�QDJML JDIT��FHVBFHQfGBF�JDF ,ZFZVWa GdFZV�� S�FZ[Ta6`HIKJML�J+F�F
GdVBL�QD@Wb aUVcG L�V���`Za�VBVBFHQnGdF�� Y VdL ,Zi�a b�FZ[ L e�ADL�[ QMi�a 
 � �MAZ�6a�JDF `ZaUVWVBFZQnGBF @BFHE ADE `jL�E	b�a
FZ[��HGBVBIK`Ha8�ge�A+FRL�`HaUVBVWFZQnGdFgE��ZJDIKL JML&QfA+S�FZEyFH[KFHGBV��UQ+IK`jL � ,HFZVBa+�nI � F�� �nbML�VdL�`ZL�JML�FZ[KF GdVWaUQO`ZaUE
SUF GdaUVgJDF�aUQ+JML k �DF��6IT@WGdF&ADE�FZ[KF GdVWaUQ `HaUE�S�FHGBaUVRJ+F&a�QDJML −k �
]�L�VBL#e�A+F&A+E L#`HaUVBVWFZQnGdF�@BA+VB�BL+�Da�@�FZ[�� GdVWaUQD@.JDF SUFHE @BFZVgL�`ZFZ[TFZVBL�JDaU@H�6� a�QD@BITJDFZVBL�QDJDaOADE

E�L�GdFHVBI L�[�@BFZE	IK`HaUQDJDA6GdaUV�L 0K ��a�QDJDF�a�Q�	TS�FZ[ JDF XMFZVWE�IgFH@WG*� [Ta6`ZL�[KI ,jL�J+a�FZQnGdVWF�L�@ J+AML�@
CML�Q+JML�@Z�*L�CML�QDJML L�CDL�I �6a J+a Q�	 SUFZ[ JDF�XMFHVBE	I �M` 
 L�E�L�JML	CML�QDJDL JDFYS�L�[ &ZQD`HI L+��FH@WG L�V'� `HaUE �
bD[TFHG L�E�FHQfGBFY` 
 FZI L6� QMi�a 
 LjS�FZQDJDa�FH@WGdL�JDaU@ S�L ,ZIKa�@RbML�VdL�efADFYaU@ FZ[�� GdVWaUQD@ @BF��BL�E `ZL�bML ,HFZ@RJDF
@BFHVBFHE L�`ZFZ[TFZVBL�JDaU@H� Y CML�Q+JML�L�`HIKE�L JDatQ�	TS�FZ[=JDF�X�FHVBE	I �\` 
 L�E L�JDL1CDL�QDJMLtJDFO`ZaUQDJ+ADhji�a+�
FZ@cG L�V���`ZaUE	bD[KF G L�E	FZQnGBF#S�L ,ZI L6� � @WGdFOE�L�GdFHVBIKL�[^@WFZV��tb�aUVWGdL�QnGda1ADE IT@BaU[KL�QnGdF�L 0K � Y JDIK@��
G*(�QD`ZIKL FZQnGBVBF CML�QDJML JDF�`ZaUQDJ+ADhji�a�F JDF�S�L�[ &ZQD`HI L � JDFZQDa�E�ITQML�JMLtJDF CML�QDJML bDVWaUIKCDITJML1aUA
I5CDL�QDJ � knL�b&KwJDa	E L�GBFZVWI L�[ �

Y bDVWFZ@BFHQDhjL�JDFw`ZFZVcGdaU@ GdIKb�aU@ JDF���GBaUE	aU@Z�fJDFHQDaUE	IKQML�J+aU@ JDF L�`ZFHITG L�JDaUVBFH@Z�f� L ,w`HaUE e�A+F a
Q�	 SUFZ[ JDF�XMFZVWE�IZ�MefADF b+V�� �6IKE	a#JML_CML�QDJML#JDFwS�L�[ &ZQD`HI L � N_GBFZE	b FHVdL�GBADVdL�@ E L�IK@ L�[TGdL�@.L�[TkUADQD@
FZ[��HGBVBaUQD@RJML�CDL�QDJML J+FYS�L�[+&HQD`ZIKLOS�i�a�@BFHVRGdFHVBE	IK`ZL�E�FHQnGdF&F��6`ZI G L�JDa�@wbML�VBL�FH@WGdFH@���GBaUE�a�@ FYa
E�L�GdFHVBI L�[ bML�@W@dL�V�� L1@BFHV_ADE `HaUQDJDA6GdaUVH� "6IKE	IK[KL�VBE	FZQnGBF��9L1bDVWFZ@BFHQDhjL JDF � GdaUE	aU@�JDanL�J+aUVBFH@
� L ,�`Za�E e�A+FYa	Q�	TS�FZ[qJDFYXMFZVBE	I��MefADF&bDV � �6ITE�a	JMLOCML�QDJMLOJDF&`ZaUQ+JDADhji�a F&NOGBFZE	b FHVdL�GBADVdL�@
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E�L�IK@�L�[TG L�@�FZ@B@WFZ@ ��Gda�E�aU@�[TIKC�FZVBL�E�FH[KF GdVBa�QD@�bML�VBL	LOCML�Q+JML�JDF�`ZaUQDJ+ADhji�a+�
! @�FH@WGdL�JDaU@.S�L ,HIKaU@.QDLOCDL�QDJML�JDF S�L�[ &ZQD`HI L_@Bi�aOJDFZQDa�E�ITQML�JDaU@ JDF�CDADVBL�`Za�@Z� � @WGdFH@gCDADVdLK�

`Za�@x@BF.`HaUE�b�aUVcG L�E `Za�E�a�FH[��HGBVBaUQ+@ JDF.`ZL�VBknL b�aU@WITGdI S�LRF GdL�E#C#�ZE GdVdL�QD@Bb�aUVWGdL�E `ZaUVWVBFZQnGBF�� !
Q�	 SUFZ[\J+FYXMFHVBE	I9b a�JDF�@BFHVgIKQD`HVBFZE	FZQnGdL�JDa < JDFH`ZVBFHE�FHQnG L�JDa >gL�JDIK`HIKaUQML�JDa5� @WF�b FHefADFZQML�@RefAML�Q��
GdITJML�JDFH@RJ+F ��GBaUE�a�@R`HaUE FZ[�� GdVWaUQD@ F���GdVBL�@Z� JDanL�JDa�VBFZ@ < aUAt� L�[TGdL�QDJDa	FZ[��HGBVBaUQD@H�*L�`ZFZI G L�J+aUVBFH@ > �
� @WGBF_L�`HV��H@B`ZITE�aOJDF�JDaUL�JDaUVWFZ@ aUA�L�`ZFZI G L�J+aUVBFH@
�&J+FZQDaUE	IKQDL�JDaOJDaUbML�kUFZE F&L�[ GdFHVdL�JDVdL�@WGdIT`jL��
E	FZQnGdF&L�@gbDVWaUbDVBITFZJML�JDFZ@�FH[��HGBVBIT`jL�@�JDa	E�L�GdFHVBI L�[ �

� [��HGBVBaUQD@�E�a�SUFHQDJDa5� @BF L�GBVdLjSD�H@xJDF�ADE `HVBIT@WG L�[+@BFHE�IT`ZaUQ+JDA+Gda�V IKQnGdFHVdL�k�FZE `HaUE aU@ ��Gda�E�aU@
F	IK@WGBa1E#ADJMLtL�@�@BAML�@_bDVWaUbDVBITFZJML�JDFZ@H�S�wFHQfGBVBa JDa E�L�GBFZVBIKL�[ �*a FH[��HGBVBaUQ���VBFHe /DFZQnGdFHE�FHQnGdF @WF
`Za�E�b�aUVWGdL�`ZaUE	a @WF GBITSUFH@B@WF�ADE�L�E�L�@W@dL�JDIT��FHVBFZQnGBF efADFtGdFZVWI L�QDa�S ��`ZADaD� � @cG L�E L�@W@dL �
L E L�@W@dL FH��F GdI S�L < m∗ >�F ����VBFHe /DFZQnGdFHE�FHQnGdF�C�FZE E�FHQDaUV1efADF�QDa S ��`HADaD� "6FZA(S�L�[Ka�V �
L�b�FZQML�@ 7% J+a @BFHA�S�L�[Ka�V�QDaUVBE�L�[\QDa L�VB@WFZQDF Gda J+F_k ��[TIKaD� �&L Y @Z��F 26% QDa�@BIT[�	K`HIKaD� "6I �Mb�aUV
F��6FHE�bD[TaD� �RFZQnGdVWFwaUA+GBVdL�@=`HaUIK@BL�@xIK@cGda&@BIKk�QDI��M`ZL efADFRa&`Za�E�bDVWIKE	FZQnGda�J+F a�QDJML�JDFRJ+F # VBaUkU[TIKF
�ObDVBa�b aUVW`ZITaUQML�[TE�FHQfGBF#IKQ+`ZVBFHE�FHQnG L�JDa�� L ,HFZQDJ+a�`Za�E efADFOat��FHQ��UE	FZQDa1efA)(�QnGdIT`Zat@BF(�BLtE�L�IK@
� ��`HIK[9JDF�@WFZVgaUCD@WFZVWS�L�VH�

����� ()
���	2 �� � 
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� AML�QDJ+a ADE `jL�E	b�a FZ[��HGBVBIK`Ha �_L�bD[KIT`jL�J+a L A+E `HaUQDJDA6GdaUVRaU@wFH[��HGBVBaUQ+@w@di�a�L�`ZFH[KFHVdL�JDa�@Z� "6F
FZ@cG L L�`ZFH[KFHVdL�hZi�a�`ZaUQnGBIKQfAML�@W@BF IKQDJDF �MQDITJML�E	FZQnGdF�� efAML�[KefADFZVq`ZL�E�b�a�FZ[��HGBVBIK`HaD��QMi�agITE�b�aUVWGdL�QDJDa
a efAMi�a b FHefADFZQDa+�*IKVWI L�`ZVWI L�V ADE�L	`HaUVBVWFZQnGdF_IKQ �MQ+ITG L6� ! e�A+F#L�@RaUCD@BFHVWS�L�h-%6FH@ E�a�@WGdVBL�Et�MQDa
FZQnGdL�QnGdaD� � efADF1L `ZaUVWVBFZQnGBFS� bDVWaUb a�VB`ZITaUQML�[ L�a�`jL�E	b a�FZ[�� GdVWIK`Za < [TFZI JDF ! 
 E > � Y VdL ,Zi�a
bML�VBL�IK@B@Wa ��e�A+F	a�@�FZ[�� GdVWaUQD@�@di�a FH@BbML�[ 
 L�JDa�@�b aUVwJDFH��FHITGda�@Z�qF�� kD�#ITE�bDA+VBF#,ZL�@Z�\Q+atE�L�GBFZVBIKL�[
JDF GdL�[9E	a6JDa�efADF�a�E	a�S6ITE�FHQnGda�VBFZL�[9JDa�@�FZ[�� GdVWaUQD@�@BF&L�b+VBa �6IKE�L_E L�IK@.JDaO`HaUE�b�aUVcG L�E	FZQnGda
E	aU@WGBVdL�JDa QML X�ITkUADVdL 6 �:9D�*IT@WGda����9A+E E	a�S6ITE�FHQnGda L�[KFjL G,�UVWIKa	@BADb�FZVWb aU@cGda1L A+E L A+E L	b FG�
efADFZQDLwSUFZ[Ta6`HIKJML�JDF JDF JDFZVWITS�L+� � @cG Lw`HaUVBVWFZQnGdF�[�	KefADITJMLW� JDFZQ+aUE�ITQML�JML JDF.`HaUVBVWFZQnGdF.J+F.JDFZVWITS�L+�

! FH@BbML�[ 
 L�E	FZQnGBa�b a�JDF @WFZV#JDF�J+aUIK@&GdIKb�aU@-"	FH[ ��@cGdIT`Za F ITQDFZ[+��@WGBIK`HaD� .Ra�FZ@BbDL�[ 
 L�E�FHQfGBa
FZ[+��@WGBIK`HaD�xL�FHQDFZVWkUI L�J+a�FZ[�� GdVWaUQ � `HaUQD@BFHVWS�L�JML�b�FZ[KL `Za�[KIK@Bi�a�F1L�b FHQML�@#a E	aUE	FZQnGda�[KIKQ+FjL�V
�OL���F G L�JDa+�:. a�FZ@WbML�[ 
 L�E�FHQnGdaU@ ITQDFZ[+��@WGBIK`HaD�*L FHQDFZVWkUI L J+a�FZ[�� GdVWaUQD@ �OL�[ GdFHVdL�JML6� � IKC+VdL�h-%6FH@
G,�HVBE	IK`ZL�@ JML VWFZJDF�`HVBIK@cG L�[TIKQML	JDa1E L GdFZVWI L�[ < �B�UQDaUQD@ >waUA�`Za�[KIK@�%6FH@w`HaUE aUA6GdVBa�@�FZ[�� GdVWaUQD@ @Bi�a
`jL�AD@dL�@O`HaUE#ADQD@�J+FZ@WGBF�GdIKb�a�JDF�FH@BbML�[ 
 L�E	FZQnGda+� PRE�L JDI ��FZVBFHQDhjL�ITE�b�aUVWGdL�QnGdF FHQnGdVBF�FH@WGBFZ@
JDaUIT@_GdITb a�@#JDF�FZ@WbML�[ 
 L�E	FZQnGda ��efADF�a�FZ@WbML�[ 
 L�E	FZQnGda�ITQDFZ[+��@WGBIK`ZatS�L�I Gda�VBQML�V#L�[KFZL�G,�UVWI L+��L
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Ee

Velocidade de deriva

X�ITkUADVdL 6 �A9�"4.RL b+VBFZ@WFZQDhZLRJDF ADEo`ZL�E	b agFZ[��HGBVBIK`Ha E � aU@qFZ[��HGdVWaUQD@ L�JDefADITVBFHEoADE�L�S�FZ[Ta6`HIKJML�J+FJDF�JDFHVBITS�L�@BA+b FHVBb�aU@WGdL�L�ADE E	a�S�IKE	FZQnGdaOL�[TFjL�G��UVBITa �

� L�@WF	JDL���A+QDhji�atJDFOaUQDJDL+�qJDFZ@cGdVBA+IKQDJData���FZQ���E�FHQDa1e�A�(�QnGdIK`Ha J+F	ITQnGdFZVc��FZV�&ZQD`HI L�QDFZ`HFZ@W@'��VWIKa
bML�VBL�aOGBIKb�aOJDF�JDIK@Wb aU@WITGBITSUa�FH@WGBADJML�JDa	QDFH@WG LOJDIT@B@BFHVWGdL�hji�a+�

"6F�a1GdFHE�b�atE��HJDIKa1FZQnGBVBF	FHSUFHQnGdaU@#J+F�FH@BbML�[ 
 L�E	FZQnGda � τ ��A+E�`jL�E	b a1FH[��HGBVBIT`Za E S�L�I
JML�V L�a	FZ[��HGBVBaUQ ADE L#S�FZ[Ka�`ZITJML�JDF�E��ZJDIKL	J+F v = µE ��aUQDJ+F µ �_LOE	aUCDIK[TIKJML�JDFwJDa�E L GdFZVWI L�[
F���JML�JDaOb�aUV

µ =
eτ

m
. < 6 � 656 >

FZ@cGdFS��ADE IKE	b a�VWG L�QfGBFObML�V'(�E�F GdVBatb�aUIK@���� ��`HIK[=JDF�E�FHJDIKV&F��6b�FZVBITE�FHQnG L�[TE�FHQfGBF�F�JDFZ[TF�@WF
F���GBVdL�IqL#G LR�DLOJDF�FZ@WbML�[ 
 L�E	FZQnGdaOQDaOE�L�GdFHVBI L�[ �
� FZ@WE�a @WFZE ADE `jL�E	b a FZ[�� GdVWIK`Za+��a�@ FZ[��HGdVWaUQD@ S�i�a b FHVB`HaUVBVWFZV `ZL�E�ITQ 
 aU@RL�[TFjL�G��UVBITaU@gQDa

E�L�GdFHVBI L�[ � � E�bDVWIKQD` 	KbDITaD�qJDITS�ITJDIKQDJ+a at`ZaUQ+JDA+Gda�V_FZE JDADL�@YbDL�VWGBFZ@_J+IK@WGBIKQnG L�@Z��a�@YFH[��HGBVBaUQ+@
b�a6JDFHVdi�a FZ@WGdL�V bML�@B@dL�QDJDa�FZQnGBVBFOL�@RJDAML�@ VWFZkUI %6FH@Z� ADE L	SUF#,�efADF#L `ZaUVWVBFHQfGBF�E L�`ZVBa�@B`=��bDIK`ZL
�#QfAD[KL+�8"6F 
 aUA+S�FZV JDI ��FZVWFZQnGdFH@�`ZaUQD`HFZQnGdVBL�h#%�FZ@�J+F_FZ[��HGBVBaUQD@wQML�@wJ+AML�@ VWFZkUI %6FH@ 
 LjSUFHV'� E�L�IK@
FZ[��HGBVBaUQD@ @BFRE�a�S�FZQDJDaYbML�VBL_L�VBFZk�I i�a&`ZaUE	a&E�FHQDaU@ FZ[�� GdVWaUQD@Z� � @cG L�� L�`ZaUVWVBFZQnGBFwJDFRJDIT��AD@Bi�aD�
efADF�GdFZE IKE	b aUVcG*(�Q+`ZI L&FZE E_ADITGBaU@�JDIK@Wb a�@BITGBITS�aU@Z�

� @cG L�`HaUE#CDITQML�hZi�a�JDF `ZaUVWVBFZQnGBF JDF J+IT��AD@Bi�a�F J+FZVBI S�L ����VWFZe /DFHQfGBFZE	FZQnGdF1@WA �M`ZITFZQnGdF QML
L�Q)��[KIK@WF�JDF=JDIT@Bb�aU@BI GdI SUaU@ @BFZE	IK`HaUQDJDA6GdaUVWFZ@Z� � AML�QDJ+a A+E L.JDFH@B`HVBIKhZi�agE L�IK@9L�bDADVdL�JML �xQDFZ`HFZ@W@'���
VBIKL+�*b�aUVRF��6FZE	bD[Ka�E	a�S�IKE	FZQnGda J+F#b a�VWG L�JDaUVBFH@ JDF�`ZL�VBknL�@BA��WFHITGda1L `ZL�E	b aU@RJDFOL�[ G L�ITQnGdFZQ��
@BITJML�JDF���LtA+GdIT[KI ,jL�hZi�a�JML FHefAML�hji�a�JDFOGdVBL�QD@Bb�aUVcGdF	JDF # aU[TG�,ZE�L�QDQ ��E�L�IT@YL�JDFZefAML�JDL+��b�aUIK@
FZ[KL�JDFZ@W`ZVBF SUF F �6bD[KIT`ZITGdL�E	FZQnGdFgL ��aUVWE L�JDFg`Za�E�aYL�JDIK@cGdVBITCDADIThji�a�JDFgSUFH[Ka�`ZITJML�JDFgJDaU@=FH[��HGBVBaUQ+@
��L���FHGdL�JML b�FZ[KL FH@BbML�[ 
 L�E	FZQnGBa F�b�FZ[Ta `jL�E	b a FH[�� GdVBIT`ZaD��.wL JDFZ@W`ZVWIKhji�a J+F # aU[TG�,ZE�L�QDQ9�
L�@W@BADE	F � @BF8�M@BIT`jL�E	FZQnGBF&efADF "

•
! FZ[��HGdVWaUQ �OJDFZ@W`ZVWITGda1`HaUE�a�A+E bML�`Ha�GdFOJDF�a�QDJML�@ < a�@ S�L�[KaUVWFZ@ JDa�S�FHGda�V&J+F	a�QDJML�F



�

JML�b�aU@BIThji�aOFH@WG i�a�C�FZE J+F �MQDITJDaU@ > �

• �RADVdL�QnGBF#aU@RS �6a�@w[KI S�VBFZ@H� a�@wE	aUE�FHQnGdaU@RFZ[KF GdV �UQDIK`HaU@ E#ADJML�E JDF_L�`Za�VBJDa `HaUE L�@w[TFZIT@
JDF . F
��Gda�Q9�

•
! @ S �6aU@�[TITS�VBFH@�JDaU@�FH[��HGBVBaUQ+@�@di�a1IKQnGBFZVBVWaUE	bDIKJDa�@wb�aUV `Za�[KIK@�%6FH@ IKQ+@WG L�QfG'(�QDFZL�@�FOb aUQ��
GBAML�IK@H�

� @cG L�@\@WADb�aU@BITh#%�FZ@qQMi�a�@Bi�a�S ��[KIKJDL�@*bML�VdL.JDIT@Bb�aU@BI GdITS�aU@9E#A+ITGda b FHe�A+FZQDaU@qb�aUIK@*FZ[ L�@\LjS�L�[KI L�E
L�E��HJDI L�JDa�@xFH��FZI GdaU@=JDFgFH@BbML�[ 
 L�E	FZQnGda+�na&efADFW��S ��[KITJDa�L�b�FZQML�@ @WFwL�@xFZ@B`ZL�[ L�@ J+FgGBFZE	b a�@Bi�a
C�FZE E L�ITaUVBFH@ efADF a#GBFZE	b a_FZQnGdVWF aU@.F SUFZQnGBaU@gJDF FZ@WbML�[ 
 L�E	FZQnGdaD�+L�[��HE JDIK@W@Ba�FZ[KL�@ ITkUQDaUVBL�E
aU@���FZQ �UE�FHQDaU@�VWFZ[ L�`ZIKa�QML�JDaU@gL�aOGBVdL�Q+@Bb�aUVWGBF�e�A�(�QnGdIK`HaD�
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� AML�QDJ+at@WFOJDIKE	IKQfADI^L GdFHE�b�FZVBL�GdADVBL�JDF�ADE�L�L�E�a�@WGdVBL+�9aU@�F SUFHQfGBaU@&JDFOFZ@BbDL�[ 
 L�E�FHQfGBa�IKQ �
FZ[+��@WGBIK`HaD� JDFH@WGdVWADIKJ+aUVBFH@�JDF � L�@BF�� S�i�a�@BFHV�VBFZJ+A�,ZITJDaU@#F�b�aUVWGdL�QnGda�L J+IK@WG'(�QD`HI L Lφ

FHQnGdVBF�a�@
FHS�FZQnGda�@#JDF	FZ@BbDL�[ 
 L�E�FHQfGBa ITQDFZ[+��@WGBIK`HaU@�S�L�I=L�ADE	FZQnG L�VH��]�L�VdL @WFZE	IK`HaUQDJDA+GBaUVBFH@Y`HaUE�CML�I �+L
E	aUCDIK[TIKJML�JDF�aUA��D[KE	FZ@ E�F G*��[TIK`Za�@ b�aU[TIK`ZVWIK@cG L�[TIKQDaU@H�UL�G Lh�+L_FH@BbML�[ 
 L�E	FZQnGdaYFZ[+��@WGBIK`Za&@BFHV'�_C�FZE
E�L�IKaUV efADF�a�IKQDFH[ ��@cGdIT`ZaD��IK@cGda ���+a�FZ[�� GdVWaUQ�IKV��_F��6b�FZVBITE�FHQnG L�V.S ��VWIKaU@ FZ@BbDL�[ 
 L�E�FHQfGBaU@�FZ[+��@WGBIM�
`Za�@ FHQnGdVBF&`jL�JML	FH@BbML�[ 
 L�E	FZQnGBa	ITQDFZ[+��@WGBIK`HaD�+aUA L�ITQDJML+�DaOGdFHE�b�aOJDF�VBFH[ Lh�+L�hZi�aOJDF�E�aUE	FZQnGBa
@BFHV'��`Za�QD@BITJDFZVBL�S�FZ[TE�FHQfGBF�E�FHQDaUV J+a�e�A+F�a GdFZE	b�a�JDF#VBFH[ Lh�+L�hZi�a�JDF#� L�@WF " τm � τφ

� � @WGBF
� L�GBa��YIK[KA+@WGdVBL�JDaOQML�X�IKkUA+VdL 6 � 7�� Y VWFZ[KL�hji�a	FZQnGBVBF�LOJDIK@cG*(�Q+`ZI LOJDFYVBFZ[KLh�+L�hji�a�JDF&� L�@BF Lφ

F
a�GdFHE�b�aOJDF�VBFZ[KLh�+L�hji�a	J+F�� L�@BF���JML�JML�b�aUV

Lφ = vF τφ,
< 6 � 6 �5>

aUQDJ+F vF
�&L�S�FZ[Ta6`HIKJML�J+F�JDF_XMFHVBE	I �

� ADL�QDJDa�a GdL�E L�Q 
 a�JDF�ADE�L�FH@WGdVWA+GdA+VdL�L�bDVBa �6IKE�L�� @BF J+F Lφ
�=QDa�SUa�@O��FHQ��UE	FZQDa�@_S�i�a

a�`ZaUVWVBFZVH� � @WG L�FZ@B`ZL�[ L��&��VWFZe /DFHQfGBFZE	FZQnGdF_JDFZQDa�E�ITQML�JMLOJDF_E	FZ@WaU@B` �UbDIT`jL+��L�b�FZ@BL�VwJDa	GdFHVBE	a
G L�E#C �HE @BFZV AD@dL�JDa�bML�VBLYADE�L_[ L�VBknL�� L�I �+L&FZQnGdVWF FZ@W`jL�[KL�@ E�L�`ZVWaU@B` �UbDIT`jL�@ F�L�G��UE�IT`jL�@H� "6FRa
FZ[��HGBVBaUQ1bDADJ+FZV�GdaUE�L�V.`ZL�E	IKQ 
 a�@�JDIK@cGdIKQnGBaU@�FZQnGdVWF�JDaUIK@�F SUFHQfGBaU@wITQDFZ[+��@WGBIK`HaU@.FZ@cGdFH@R`ZL�E�ITQ 
 aU@
S�i�a ITQnGdFZVc��FZVWIKVZ� � AML�QDJ+a ADE `jL�E	b�a E�L�kUQ�� GdIK`Ha�a�A FZ[��HGdVWIK`Ha�S�L�VBI+�jSUFZ[ E#ADJDL L�� L�@WF_JDFH@WGBFZ@
`jL�E�ITQ 
 aU@H�ML�IKQnGdFHVW��FZV�&ZQD`HI L#S�L�I9E#A+JML�V L�bDVBaUCDL�CDIK[TIKJML�JDFwJDF�GBVdL�QD@WE�IT@B@Bi�aOJDaU@gFZ[��HGdVWaUQD@H�
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Região com
coerência de fase

Movimento difusivo
em uma região com

coerência de fase

Espalhadores
elásticos

X�ITkUADVdL 6 �;7�"�]^L�VdL τφ � τm
�ga GdVBL�QD@Bb�aUVcGdF FHE ADE�L�VWFZkUIKi�a�`HaUE `Ha6FHV�&ZQ+`ZI L JDF � L�@BF �

JDI ��AD@BI SUaOb a�IK@�F��6IT@WGdFHE S ��VBITaU@�FZ@WbML�[ 
 L�JDaUVWFZ@gFZ[+��@WGBIK`HaU@ �

! CnS�I L�E�FHQfGBF�IK@cGda�QMi�a ��C�aUE bML�VdL�L�`HVBI L�hji�a�JDF�J+IK@Bb�aU@WITGdI SUaU@wFZ[KF GdV �UQDIK`HaU@ `HaUQ � �jSUFHIK@H�
b�aUIK@^ADE L @WIKE	bD[KFH@�ITE�bDA+VBF#,ZLwb�a6JDF E#ADJML�V�a�bML�JDVBi�a�JDF.ITQfGBFZVc��FZV�&HQD`ZIKL JDa�JDIT@Bb�aU@BI GdITS�aw� L�CDVWIM�
`jL�JDa�F�`ZaUE IK@B@Wa�L�@BAML�`Za�QDJDA+G'(�QD`ZIKL+� "6F1L�e�ADL�[KITJML�JDF�JDa�E L�GBFZVWI L�[ ��E�FH[ 
 a�VdL�JML aUA a
G L�E L�Q 
 a�JML�FZ@cGdVBA6GdADVBL �OVBFHJDA�,HIKJDatL�ITQDJML�E L�IK@Z�*JDFOE�a�JDa1L � L ,ZFHV�`ZaUE e�A+F�L�FH@WGdVWA+GdA+VdL
@BF(�BL&E	FZQ+aUV JDa�efADF L�JDIK@cG*(�QD`HI L E��ZJDIKL FZQnGdVWFgFHSUFHQnGdaU@ JDFgFZ@WbML�[ 
 L�E�FHQnGda�FZ[+��@WGBIK`Za�@Z�nL�VBFHkUI i�a
JDF.GBVdL�QD@Wb a�VWGdF CML�[�	T@WGBIK`Za �gL�[K`ZL�QDhZL�JML+� .RFZ@cG L�VBFHkUI i�a aU@ FH[��HGBVBaUQ+@ S6IKLK�BL�E @BFHE @Ba���VBFZVx`HaU[KIT@di�a
F a_GBVdL�Q+@Bb�aUVWGBF FZ[TFHGdV �UQDIT`Za_@WF�L�@B@WFZE	FZ[ 
 L_FZE E#ADI GdaU@ L�@Bb�FZ` GdaU@.L�aU@ ��FHI �6FZ@.J+F [KA�,RJML �Ub+GBIK`ZL
kUFHaUE�� GdVWIK`jL6�
]�L�VBL E�FH[ 
 aUVY`ZaUQnGBVBaU[KL�V#a�E	a S�ITE�FHQfGBa JDaU@�FH[�� GdVBa�QD@Z�U��`Za�E#ADE `HaUQ �MQ���� [TaU@#FZE ADE�L

JDITVBFZhZi�a���aUVBE�L�QDJ+a&A+E b a�hZa�efA)(�QnGBIK`Za+� ��b�aU@B@ 	TSUFH[�@BFZbDL�VdL�V=a&E�a�S�IKE	FZQnGBa�JDaU@ FZ[�� GdVWaUQD@xFZE
GdV�&Z@gJDITVBFZh-%6FH@gaUVWGBaUkUaUQML�IK@.JDIT@WGBIKQnG L�@�F�GBVdL�G'��� [KL�@ @WFZbML�VBL�JML�E	FZQnGBF��

"6F a�@^FH[��HGBVBaUQ+@^FH@WG i�aw`Za�Q �MQML�J+aU@�FHE ADE L JDIKVWFZhZi�aD� 
 LjSUFZV�� L�b�FZQML�@^ADE Q �DE	FZVWawJDIT@B`HVBFHGBa
JDF Q 	TSUFHIK@.J+F FZQDFHVBkUIKL_aUA E	a�JDaU@ Q+FZ@WGdL#JDIKVWFZhZi�a#FZQ+e�ADL�QnGdaOQML�@.a�A+GdVBL�@ 
 LjS�FZV'��ADE FZ@Wb FH`HGBVBa
`Za�QfG�	KQfADaD� � @WGBFZ@	E�a�JDaU@#GBFZEmFZQ+FZVBk�I L�@�JDI ��FZVWFZQnGdFH@�F �1b aU@W@�	 SUFZ[gE#A+JML�VOL�JDFZQD@WIKJML�JDF1JDF
FZ[��HGBVBaUQD@RL�G��_efADF#L�b FHQML�@ a E�L�IK@gCML�I �6a FZ@cGdF(�BL a6`HADbML�J+aD�E.RFH@WG L�@w`ZITVB`HADQD@WG'(�QD`HI L�@RADE �
��@
� [KF GdV���QDIK`Ha # IKJDITE�FHQD@BITaUQML�[=< � � #?> ����aUVBE�L�JDa 
A8 � �

"6FgaU@=FZ[�� GdVWaUQD@=FZ@cG i�a&`ZaUQ �MQML�JDa�@ FHEyJDAML�@=JDITVBFHh#%�FZ@Z�fADE �MaYefA)(�QfGBIK`Ha�����aUVWE L�JDa <�G L�E �
C#�ZE `HaUQ 
 FH`ZIKJ+a&`HaUE	a&k�ADI L JDFgaUQ+JML�@ > � � L�E	FZ@BE�L�E L�QDFZITVdLwefADF bML�VBL ADE � � #R�naU@xQ�	TS�FZIT@
JDF&FZQDFHVBkUIKL	J+aU@RFH[�� GdVBa�QD@gb a�JDFZE @WFZV `Z[KL�@B@WI��M`ZL�JDaU@ FZE E	a6J+aU@Z�MefADF&IKVBi�aD�MFZE `ZL�@Ba�@RITJDFjL�IT@Z�
@BFHE FH@BbML�[ 
 L�E	FZQnGBaD��JDL�V�`HaUQnGdVBITCDADITh#%�FZ@ IKQDJDFHb FHQDJDFHQfGBFZ@ bDL�VdL L `ZaUVWVBFHQfGBF GBa�G L�[ � �.L�JMLRE	a6J+a
JML�V���A+E L�`Za�QfGBVBITCDADIKhZi�a�IKJ�&HQnGdIK`ZL+� 2e2/h � bML�VdL�L�`ZaUQ+JDA+G*(�QD`ZIKL�JDa �MaD� �wFH@WG L���aUVBE�L a
`Za�QDJDA+GBaUVOE�FH@BaU@W`=�UbDIT`Za�F1CML�[�	K@WGBIK`Ha E�a�@WGdVBL�JDa�QML�X�ITkUADVdL 6 �;@ GdFHV'��L�`ZaUQDJ+A+G*(�Q+`ZI L�JML�JML
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b�FZ[ L�FHe�ADL�hji�a

G =
2e2

h
M. < 6 � 6 � >

b�aUVWGdL�QnGdaD��L�a	`Za�QfGBV'��VWIKaOJDa	efADF_a�`ZaUVWVBF�`Za�E aU@
�MaU@W� 
 E	IK`Za�@Z�DaUQ+JDF G = σW/L ��@BFZQ+JDa σ
L#`Za�QDJDA+GBITS�IKJML�JDF���efADF8� ADE�L_`jL�VdL�` GdFZV 	K@cGdIK`ZL_JDa�E�L�GdFHVBIKL�[ �fL#`HaUQDJDA+G'(�QD`HI L#JDaH�Da�e�A�(�QnGdIK`Ha
��IKQDJ+FZb�FZQDJDFHQnGdF&JDaO`ZaUE	bDVBITE�FHQnGda L �

"6FOa [KL�VBkUA+VdL�JDa �Mat��a�V�IKQD`HVBFZE	FZQnGdL�JML+�qatQ �+E�FHVBatJDF�E	a�JDaU@�a�`ZADbML�JDaU@�G L�E_C �HE IKV��
E#ADJDL�V#F1L `Za�QDJDA+G'(�QD`ZIKL IKV�� L�ADE	FZQnG L�V#FZE bML�@W@BaU@OIKQ+`ZVBFHE�FHQnG L�IT@#L E	FZJDITJML efADF�E�a�JDaU@
L�JDIT`ZITaUQML�IT@R@Bi�a1a6`HADbML�JDa�@Z� ! Q �DE�FHVBa1JDF�E	a6J+aU@ bDVWaUbML�knL�QfGBFZ@�FHE ADE JDL�JDa1`ZaUQ+JDA+Gda�V8�
JML�JDLOb�aUV

M = Int

(
W

λF/2

)
, < 6 � 6 9 >

aUQDJ+F λF
�wa#`HaUE	bDVBITE�FHQfGBaYJ+F aUQDJML&JDF�XMFZVWE�I�FwLY��ADQDhZi�a Int(x) VWFZbDVWFZ@BFHQnG L�a#E	FZQDaUV IKQ��

GdFHIKVWawE�L�IK@qbDV � �6ITE�a JDF x � � @WG LRe�ADL�QnGdI+,ZL�hji�awJMLw`HaUQDJDA6G*(�QD`HI Lg��aUIfaUCD@BFHVWS�L�JMLRb FH[ LgbDVBITE�FHIKVdL
SUF-,RFHE 6 �5B�B 
AB � FgJDFH@BJDF FZQnGdi�a�GdFZE @BIKJ+a&A+E GdFH@WGdFgbML�JDVdi�a�bML�VdL�JDFZE	aUQD@cGdVdL�Vxa�GBVdL�Q+@Bb�aUVWGBF
`Za�FZVWFZQnGdF��

L

W

Condutor balístico

Contato 1 Contato 2

X�ITkUADVdL 6 �A@$" PRE `HaUQDJDA6GdaUV^CML�[�	T@WGBIK`Za
� IKQnGdFHVBb�aU@WGBaRFHQnGdVBF JDaUIT@ `HaUQnG L�GBaU@�a�QDJDF ADE L�SUa�[TG L�kUFZE
F���GBFZVBQDL � L�bD[KIT`jL�JDL+� � L�@B@WADE	IKJDa#efADFwaU@.FZ[��HGBVBaUQD@ bML�@B@BL�E J+a#`ZaUQ+JDA+Gda�V.bML�VBL#aU@.`Za�QfGdL�Gda�@
`Za�E ADE�LOb+VBaUCML�CDIK[TIKJML�J+FwJDF�VBF��MF��+i�a	JDFH@BbDVWF#,=	 SUFH[ �

Y efAML�QnGdI ,jL�hZi�a�JML `HaUQDJDA+G'(�QD`HI L GdL�E#C#�ZE b a�JDF @WFZV#a�CD@BFHVWS�L�JML JDFH`ZVWFZE	FZQnG L�Q+JDa5� @WF1L
FZQ+FZVBk�I L�JDFO��FZI �6FOFZ[TFHGBV��UQDIT`Za1IKQ+`ZIKJ+FZQnGdFOQDat`ZaUQ+JDA+Gda�VZ�qJDF	E�a�JDatL�JDIKE	IKQfADITV a Q �DE	FZVWa1JDF
`jL�QML�IK@gL�`ZFZ@W@�	 SUFZIT@R`HaUE	a�E�aU@cGdVBL�JDaOQMLOX�IKk�ADVdL 6 �;86�
� ADL�QDJDa a `HaUQDJDA6GdaUV�E�FH@BaU@W`=�UbDIT`Za QMi�a � CML�[�	K@cGdIK`HaD�.IT@WGda ���gefAML�QDJDa a�@ FZ[��HGdVWaUQD@ L�a

L�GBVdLjSUFH@B@'�K� [Ka�@Ba���VBFZEmFH@BbML�[ 
 L�E	FZQnGBaU@OFZ[ ��@WGdIT`ZaU@ObDVWa�SUa�`jL�JDa�@�b�aUVOIKE	bDADVWF#,jL�@	a�A b�FZ[KL�@WAML
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X�ITkUADVdL 6 � 8�" � a�QDJDA+G'(�QD`ZIKL�e�ADL�QnGdI+,ZL�JMLOJDF�ADE kUA+I L#JDF�aUQDJDL�@gCML�[�	T@WGBIK`Za+�

kUFHaUE�F GdVWI L#L�VWCDITGBV'��VWI L+��L�@BADLO`HaUQDJDA6G*(�QD`HI L ��JML�JML�b FH[ L_SUFHVB@Bi�aOE#AD[TGBIK`ZL�QML�[�JML#�B�UVBE_AD[ L&JDF
�qL�ADQDJDL�ADFZV�
 � � �

G =
2e2

h

∑

µν

|tµν |
2, < 6 � 6 75>

aUQDJ+F tµν
�.a�`Ha6F �M`ZITFZQnGdF�J+F GdVBL�QD@BE	IK@W@di�a�FHQnGdVBF�a�E	a�JDawJDF�FHQnGdVdL�JML µ F�ADE E�a�JDa JDF�@BL 	KJDL

ν � ! CnS�I L�E	FZQnGdFgFH@WG L&FZefAML�hZi�a � ADE�L&k�FZQDFHVdL�[TI+,jL�hji�a�JML � e�ADL�hji�a 6 � 6 �+� P E L�F���GdFHQD@di�a#JML
� efAML�hji�a 6 � 6 7R��a�I+��FZI G Lwb�aUV # /+GWGdI���FZV 
 6 � � �naUQ+JDFgFZ[KF `ZaUQD@WIKJDFHVdL�L @BI GdAML�hji�a�JDFgADE `ZaUQ+JDA+Gda�V
E	FZ@Ba�@B`=��bDIK`Ha	`HaUE S ��VWIKaU@ �Ma�@ efA)(�QfGBIK`HaU@g`ZaUQDFH`HGdL�JDaU@ LO@BAML�FZ@cGdVWA+GdADVBL+�

Y J+FZQD@WIKJML�J+FwJDF `ZaUVWVBFHQfGBFRFHEyADEy`Za�QDJDA+GBaUV 
 aUE�a�k &ZQDFHa � AD@WAML�[KE	FZQnGBF F �6bDVBFH@B@dL#`HaUE	a
ADE b+VBa�JDA+GdaOJMLOJDFHQD@BITJML�JDF�JDF�FZ[��HGBVBaUQD@ ns

F�JML#SUFZ[Ta6`HIKJML�JDF�JDF�JDFZVWITS�L vd
"

J = ensvd.
< 6 � 6 @ >

� E ADE�L�bDVWIKE	FZITVdL	L�Q)��[TIK@BF&b�a6JDFG� @WF_b�FZQD@BL�V efADF_GBa6JDa�@waU@RFZ[�� GdVWaUQD@ JDa `ZaUQDJ+A+GdaUVR`ZaUQ��
GdVWIKCDA+FZE bML�VdL&L&`HaUVBVWFZQnGdF��+b�aUV��HE FZ@cGdFwb�aUQnGda&JDFgS�IK@WGdL��gITVBVBFZL�[MbML�VBL&A+Eyk ��@=JDFZk�FZQDFHVdL�JDa_L
CML�I �+L�@ GBFZE	b FHVdL�GBADVdL�@Z� ! efADFRJDFg� L�Gda&a6`HaUVBVWF � efADF L�`Za�VBVBFHQnGdFw[�	KefADITJML�QMi�a��RQfAD[KL_L�b�FZQML�@



6 �

FZE ADE�L&� L�I �+L&J+Fwb�aUAD`Za�@ kBT
JDa#Q�	 SUFH[�J+F XMFZVWE�I � � @WGBa#[KF S�LYL&ADE L&kUVdL�QDJDFw@WIKE	bD[KIM�M`jL�hji�a

`Za�QD`ZFHITGdADL�[ b�aUIT@ @WIKkUQDIM�M`jL&efADFwbML�VdL_FHQfGBFZQDJ+FZV�L�@ bDVBa�bDVBITFZJML�J+FwJDFR`ZaUQDJ+ADhji�aOL&CML�I �DL�@ GdFHE �
b�FZVdL GdADVBL�@Z�fQMi�a��gQDFZ`HFZ@W@'��VWIKa_@WFgbDVBFHa6`HADbML�V `ZaUE L�J+IKQ)(�E	IK`ZL JDa&E L�VxJ+F FH[�� GdVBa�QD@=IKQnGdFHIKVBa+�2�
@BA �M`ZITFZQnGdF�FHQfGBFZQDJ+FZVgL#JDITQ)(�E	IK`jL�JDaU@ FZ[�� GdVWaUQD@ `HaUE FZQDFHVBkUIKL�@.bDV � �6ITE L�@ L�a#Q�	 SUFH[*JDF�XMFHVBE	I �
� � ��`HIK[ SUFZV�b�aUVWe�A+F1L�`HaUVBVWFZQnGdF �DADI.`Za�E�bD[TFHGdL�E�FHQnGdF FHE ADE�L�� L�I �DL JDF�b a�AD`ZaU@ kBT

JDa	Q�	TS�FZ[\JDFYXMFZVWE�I � �wF �DQML L���ADQDhZi�aOJDIK@cGdVBITCDADIThji�a f(k) efADF&J)�OL	b+VBaUCML�CDIK[TIKJML�J+F efADFYA+E
FZ@cG L�J+a k FZ@WGBF��BL_a�`ZA+bML�JDaD�6.Ra_FHefADIK[�	KCDVWIKaD� f(k) = 1 bDL�VdL�Gda�JDaU@ aU@ FH[�� GdVBa�QD@ J+FZQnGdVWa_JDFRADE
`=	TVB`HAD[KaOJDF�VdL�IKaOIKkUADL�[\L�aOSUF GdaUV JDF�aUQDJMLOJDFYXMFZVBE	I � kF

� P E `jL�E�b�a�FH[�� GdVBIT`Za#� L ,&`Za�E efADF
Gda�JDa	L�JDIK@cGdVWIKCDADIThji�a�@WF��BLOJDFZ@W[Ka�`jL�JDLOJ+F kd

`ZaUE E�aU@cGdVBL�JDaOQMLOX�IKk�ADVdL 6 �AB$"

[f(k)E 6=0] = [f(k − kd)E=0],
< 6 � 6 85>

aUQDJ+F kd = eEτm/~
� ]^aUVcG L�QnGda+�MFZE VWFZkUI %6FH@�E L�IT@�bDVBa���ADQDJML�@gJDa	E�L�V�JDF&XMFZVBE	I < k � kF

>
QML�JDL L�`HaUQnGdFH`ZF��.L�@B@WADE�ITQDJDa�efADFta�`ZL�E	b a �1b FHefADFZQDa a @WA �M`HIKFZQnGBF JDF�GdL�[�E�a�JDa�efADFta
JDFH@B[Ka�`jL�E�FHQfGBa kd

��b�FZefADFHQDa	`ZaUE	bML�VBL�JDa#`HaUE�a kF
� ! @�FH@WGdL�JDaU@�efADF�FZ@cG LjS�L�E ` 
 FZIKa�@�@BFZE

`jL�E�b�a&L�bD[KIT`jL�J+a�`ZaUQnGdITQfAML�Ey` 
 FHIKaU@=`Za�Eya&`ZL�E	b a&L�bD[TIK`ZL�JDaD� � L�b�FZQML�@=b�FZVcGda&JDF +kF
efADF

aU@.FH@WGdL�JDaU@�efADF�FH@WG LjS�L�E S�L ,ZIKa�@ Gda�VBQML�E � @WFw` 
 FHIKaU@ � FZQ+e�ADL�QnGdaD�Db�FZVcGda�JDF −kF
FZ@cG L�J+aU@�efADF

FZ@cG LjS�L�E ` 
 FZIKa�@.GdaUVWQML�E � @BF S�L ,ZITaU@Z� Y @B@WIKE @WFZQDJ+aD�DJDa�b�aUQnGda#S�IK@cG L#JDFwbML�VWG�	K`HAD[ L�@ IK@WaU[ L�JDL�@Z�
a_`ZL�E	b aYFZ[�� GdVWIK`Za&J)�YLYGda�JDaU@ aU@ FH[�� GdVBa�QD@ A+E L�SUFZ[Ta6`HIKJML�JDFRJ+FwJDFHVBITS�L+�fb�aUV��HE JDa_b�aUQnGdaYJDF
S�IK@cG L_`HaU[KF GdITS�aD��a_`jL�E�b�a_FH[��HGBVBIT`Za#L�b FHQML�@.E	a�SUFwb�aUAD`HaU@.FH[��HGBVBaUQ+@ JDF −kF

N +kF
�=] a6J+F � @WF

FZQnGdi�aOVBFZFH@B`HVBFHS�FZVRL#JDFZQ+@BIKJDL�JDF�JDF�`HaUVBVWFZQnGdF�JDF�A+E L#E�L�QDFHIKVdLY[KIKk�FZIKVBL�E	FZQnGdF JDIT��FHVBFHQfGBF bML�VBL
VBF��MFHGBIKV�FH@WGdF&b�aUQnGdaOJDF�S�IK@WGdL$"

J = e

(
ns

vd

vF

)
vF .

< 6 � 6 B >

�wFZ@cGdF	b aUQnGBatJ+FOS�IT@WG L6�qL1`HaUVBVWFZQnGdF�����aUVBE�L�JML�b aUV�A+E L�b�FZefADFZQDLt��VdL�hji�a�JDa1Gda�G L�[^JDF
FZ[��HGBVBaUQD@ (nsvd/vf)

efADF�@BF&E�a�SUF�`HaUE L#SUFH[Ka�`ZIKJDL�JDF�JDF&XMFZVWE�I �

����� � ���
 �/ ����* 
 �
	��'�.� � �����'% � 	� ���
	������ � / ���

��VdL�QDJ+F�bML�VWGBF�JDaU@�VBFH`ZFHQfGBFZ@RFZ@WGBADJDaU@g@WaUCDVBF�`HaUQDJDA+GBaUVBFH@RE	FZ@WaU@B` �UbDIT`ZaU@.G�&ZE @WIKJDaOCML�@WFjL�J+aU@
FZE 
 FHGBFZVBaK�WADQDh#%�FZ@ JDF���L Y @'� Y [ �&L Y @ 
 656
� �DaUQDJ+F&A+E LH�MQDL	`ZL�E L�JML#`ZaUQ+JDA+Gda�VdL�CDIKJ+IKE	FZQ �
@BITaUQML�[�����a�VBE�L�JML#FZQnGBVBF&L	ITQnGdFZVc� L�`ZF�J+FH��L Y @ F Y [ ��L Y @H�=]�L�VBL	FHQnGdFZQ+JDFZV aOb aUVWefA�&�JDFZ@cG L
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Ky

Kx

Distribuição
de

Equilíbrio

Distribuição
Deslocada

Kd

Ee

X�ITkUADVdL 6 �;B$" Y CML�I �DL�@=GBFZE	b FHVdL�GBADVdL�@ Gda�JDaU@xaU@=FZ@cG L�J+aU@ J+FZQnGdVWaYJDa�` 	KVB`HAD[Ka�JDFgVBL�IKa kf
FH@WGdi�a

a�`ZADbML�JDaU@ QDa�FHefADIK[�	KCDVWIKaD�<.wL bDVWFZ@BFHQDhjL1JDF#A+E `jL�E�b�a FZ[��HGBVBIK`Ha a ` 	KVB`HAD[Ka �#JDFZ@W[Ka�`jL�J+a�QML
JDITVBFZhZi�aOJDF�F � �

`jL�E L�JDL	@WFZVR��a�VBE�L�JMLO`ZaUQD@WIKJDFHVBFYe�A+F#L CML�QDJML�J+FYS�L�[+&HQD`ZIKL	FYL�CDL�QDJML J+F_`Za�QDJDADhZi�a FH@WGdFG�
�BL�E�L�[KIKQ 
 L�JML�@�efAML�QDJDa L�@&`ZL�E�L�JML�@�@di�a�bDVWIKE	FZIKVBL�E	FZQnGdF_GBVdL ,HIKJML�@&FHE�`ZaUQnGdL�GdaD� ! Q�	 SUFZ[
JDF EF

JDa Y [ ��L Y @ � E�L�IK@�FH[KF S�L�JDa efADF a Q 	TSUFH[gJDF�XMFHVBE	I�JDa ��L Y @Z� `HaUE	a E	aU@WGBVdL�J+a
QML X�IKkUA+VdL 6 � �+� � aUQ+@BFZe /DFHQnGdFZE	FZQnGBF�aU@YFH[�� GdVBa�QD@�IKVdi�atGBFZQDJDFHV_L L�CML�Q+JDaUQML�V�atQ � Y [ ��L Y @
JDFHI �+L�QDJDa	bML�VBL#GdV'��@�JDanL�JDa�VBFZ@gb�aU@BI GdI S�L�E�FHQfGBF `jL�VBVBFHknL�JDa�@Z� � @WG LO`jL�VBknL�b�aU@BI GdITS�L_S�L�I9k�FZVdL�V
aOb a�GdFZQ+`ZI L�[9FZ[TFHGdVWaU@WG'��GdIT`Za�efADF�� L�V'��`HaUE efADF&L�@gCML�QDJDL�@g@BF�JDFH��a�VBE	FZEt�

.Ra�FZefADIT[�	TCDVBITaD��a�Q 	TSUFH[DJDFgXMFZVWE�I �.`Za�QD@WGdL�QnGdFgFZE Gda�JML bML�VcGdF�� Y JDFZQ+@BIKJDL�JDF�JDF�FH[��HGBVBaUQ+@
GdFHE ADE bDIK`HaYL�kUADJDa�bDV � �6ITE�a�JML�ITQfGBFZVc� L�`ZFW��L Y @�� Y [ ��L Y @ < aUQDJ+FRL�FHQDFZVWkUI L�JDFgXMFZVWE�I6FZ@cG*�
JDFHQfGBVBa JDLRCML�Q+JMLwJDF `ZaUQDJ+ADhji�a >\��aUVWE L�QDJDa ADE L `jL�E�L�JMLg`Za�QDJDA+GBaUVdL �DQML+� Y `Za�QD`ZFHQfGBVdL�hZi�a
JDF�b�aUVWGdL�JDaUVWFZ@�QDa�� � # ��aUVBE�L�JDaD�fGdITbDIK`ZL�E	FZQnGdFwS�L�I JDF 2× 1011cm−2 L G,� 2× 1012cm−2 F
b�a6JDF�@WFZVgJDFHbD[KF G L�JMLOL�b+[KIK`ZL�QDJDa�� @BFRADE�L�S�aU[TGdL�kUFHE QDFHknL�GdI S�L#QML�@BADb�FZVc�B	K`ZITF�� � @cG LOJDFZbD[TFZhZi�a
��a bDVBITQD`ZITbDIKa�JML�GdFH`ZQDaU[TaUkUIKL I @BbD[TITG � knL�GBF K�
 6 � � �.a�QDJDF�`HaUQnG L�GBaU@ "�` 
 a�GBG�����E	FHG'��[KIT`ZaU@�@Bi�a
� L�CDVWIK`ZL�JDaU@�QML�@WADb FHVW�B	T`ZIKF�J+a � � #w� � @WGBFZ@	`ZaUQnGdL�GdaU@�"6` 
 a�GBG���� L�kUFZE `ZaUE	a�JDIKa�JDaU@H� IT@WGBa
���=efAML�Q+JDa A+E L�GBFZQD@Bi�a�QDFZknL GdITS�L�VWFZ[KL�GdI S�L�L�a � � # �1L�bD[TIK`ZL�JML+� QDi�a 
 LjSUFZV���`ZIKVW`ZAD[KL�hji�a
JDF `HaUVBVWFZQnGdF�� ! @_`HaUQnG L�GBaU@#IKVBi�a�k�FZVdL�V_ADE `jL�E�b�a�FH[��HGBVBIT`Za�`ZL�bML , JDF b�FZQDF GdVdL�V_QDa � � #
F�JDFHbD[KF G L�V a�@ FZ[��HGdVWaUQD@�@WaUC�aU@ `Za�QfGdL�Gda�@Z�Y]^aUV�F �+FHE�b+[KaD�9@WF#��aUV JDFH@BFHQ 
 L�JDatJDaUIT@ `Za�QfGdL�Gda�@
E	FHG*��[KIK`HaU@#[TaUQDkUaU@�F1bML�VdL�[TFZ[Ka�@Z�xGdFHE � @BFtL���a�VBE�L�hji�a�J+FtA+E �Ma efA)(�QfGBIK`Ha�QDL�VWFZkUIKi�a�@BFZE
E	FHG L�[KI+,ZL�hji�aD������efADFYQML�@ VBFHkUI+%�FZ@ @BaUC aU@w`HaUQnG L�GBaU@ QMi�a 
 L�S�FZV�� b a�VWG L�JDaUVBFH@Z� Y @B@BITE b a�JDF �
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+
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(a)(a)(a)(a)

(b)

X�ITkUADVdL 6 � �$" Y CML�QDJMLRJ+F.`ZaUQ+JDADhji�a F S�L�[ &ZQD`HI LgFZ@WGdi�a�L�[TIKQ 
 L�JML�@qQML �WADQDhji�a FZQnGdVWF.a Y [ ��L Y @
GdITb a n F�a��&L Y @�IKQnGBV�	KQ+@BFZ`HaD��< L5>.L�QnGdFZ@gF < C�>�J+FZb�aUIK@�JDF 
 LjS�FZVRL�GBVdL�Q+@W��FZV�&ZQD`HI LOJDF�`jL�VWknL+�

@BF�J+F �MQDITV aU@ E L�IT@�J+ITSUFHVB@WaU@�`ZaUQnGBaUVBQDa�@ JDF�JDIT@Bb�aU@BI GdITS�aU@	E�FH@BaU@W`=�UbDIT`ZaU@H� ! A6GdVdL�G,�Z`HQDIK`ZL
bML�VBL E	aU[KJML�VRADE � � # �_A+GdIT[KI+,ZL�QDJDa�� @BF&`Za�VBVBa�@di�a @WFZ`ZL+�\FZ@cGdF�E��HGda�JDa L�bDVBFH@BFHQfGdL�b aUV �ZE a
IKQ+`ZaUQnSUFHQDIKFHQnGdF JDF�VBFHJDA�,ZITV L�E	aUCDIT[KITJML�JDF JDaU@=b�aUVWGdL�JDaUVWFZ@Z� ����efADFgIKQnGBVBa�JDA�,�E#ADI GdaU@�JDFH��FHITGda�@
QDaOE�L�GdFHVBI L�[ �

����� ��	������&%
���
 ����
% � ' ��*!�'���

Y FZefAML�hji�aOJML�aUQDJDLOJ+aU@.�B��Gda�QD@Z�Da�C+GdITJML�L#bML�VcGdIKV JML�@�FZefAML�h#%�FZ@gJDF&��Lh� � FZ[T[ ����L�Q���[KaUkUL#L
FZefAML�hji�atJDF "6` 
 V���JDITQDkUFZV�bDL�VdL1FZ[��HGdVWaUQD@H� `HaUE a1`jL�E�b�a1FZ[�� GdVWIK`Za E bML�VBL �B��GdaUQ+@�� L ,ZFZQ+JDa
ADE bDL�b FH[.@BITE�IT[ L�VYL�a�JML ��ADQ+hji�a�JDF1aUQDJDL+� Ψ � bML�VdL�FZ[��HGdVWaUQD@H� � @WGBa L�`ZaUQnGdFH`ZFtb a�VBefADF1L
FZefAML�hji�a�JML�aUQDJML�b a�JDF1@BFHVOVBFZ@WaU[TS�ITJML�bML�VdL�aUC+GBFZV	L�bDVBaUCDL�CDIK[TIKJML�JDF JDF1GdVBL�QD@WE�IT@B@di�a�JDF
�B��GBaUQD@ FHE�J+FHGdFHVBE	IKQML�JDa_E	FZITaD�fb aUVcG L�QnGBaD�+L�@B@BITE `ZaUE	a_� L ,HFZE	aU@ `HaUE�LY��ADQDhZi�a#JDF a�QDJML+��a
`jL�E�b�aOFZ[�� GdVWIK`Za E b�a�JDF�GdFZVgADE�L#IKQnGBFZVBb+VBFHGdL�hji�a�bDVWaUCML�C+IK[�	T@WGBIK`jL 
 6 � � �

� aUE�bDL�VdL�Q+JDa�L�@x��aUVBE�L�@xITQDJDFZb�FZQ+JDFZQnGdFH@ J+a&GBFZE	b a�JML�FZefAML�hji�a&JML�aUQDJML�FgJML�FZefAML�hZi�a
JDF�"�` 
 V���JDIKQ+kUFZVH�+b�a6JDFG� @WF `ZaUQ+`Z[KA+IKV efADF�LYbDVBaUbDL�knL�hZi�a#JDF FH[�� GdVBa�QD@�L�GBVdLjSD�H@�JDF ADE�L_VBFHkUI i�a
`Za�E b�a�GdFHQD`ZIKL�[6S�L�VWI �jSUFH[ ��L�Q)��[Ka�knLwN bDVWaUbML�kUL�hji�awJML [KA�, FZE ADE LRVBFZk�I i�a `HaUEJ	KQDJDIT`ZF.J+F.VBFG�



6 @

��VdL�hji�a�S�L�VBI+��S�FZ[ 
 6 � � � � @WGdL�@ @WIKE	IK[ L�VBIKJDL�JDFZ@^b a�JDFHEy@BFZV F��6bD[TaUVdL�JML�@ QML&`HaUQD`HFZb�hji�a#J+FRQDa�S�aU@
JDIT@Bb�aU@BI GdITS�aU@xFZ[TFHGBV��UQDIT`ZaU@ GBFZQDJ+aY`HaUE�a�CML�@BF JDIK@Wb aU@WITGBITSUa�@ �Ub+GdIT`ZaU@xa�A�aU@=JDIT@Bb�aU@BI GdI SUaU@xJML�FZQ��
kUFHQ 
 L�VWI L_JDFwE�IT`ZVBa�aUQDJDL�@�
 6 9 � �=] aUV.aUA+GBVBa#[KL�JDa#F �6IK@WGBFZE�L�[Kk�ADE L�@ JDI ��FZVWFZQDhZL�@.IKE	b�aUVWGdL�QnGdFZ@
FZQnGBVBF&FZ[�� GdVWaUQD@�F��B��Gda�QD@ 
 6 7 � � Y [KkUA+E L�@�J+FZ[ L�@�@di�a	`ZI G L�JML�@�QML ��L�C�FZ[KL 6 � 6 �

�^L�C�FZ[ L 6 � 6 " Y [KkUA+E L�@ JDIT��FHVBFZQ+hjL�@gFZQnGBVBF&FZ[�� GdVWaUQD@gF �B��Gda�QD@Z�
� 8D?��w8+3c79TR;UTw7 rtz5{*:�8D?=s ���x:6?=s

� L�@B@BL m∗ 0

�.L�VBknL e 0

"�bDIKQ 1/2 1
� @cG L�G�	K@WGBIK`ZL X�FHVBE	IM�(�wIKVBL�` # aU@WF � � ITQD@WGBFZITQ
�=FH[Ka�`ZITJML�JDF � c c/n

�RIK@Bb�FZVW@di�a E S�@ −→k QMi�aO[TIKQDFZL�V [KITQDFjL�V

• X���GdaUQ+@ @Bi�a C#�U@WaUQD@Z��a�e�A+F_@BITkUQDIM�M`jL�efADF_A+E Q �+E�FHVBa	e�ADL�[KefADFHVwJDFH[KFZ@ b�a6JDF�a�`ZADbDL�V
ADE JDFHGBFZVBE	IKQDL�JDa�FZ@cG L�J+aD� � [�� GdVWaUQD@\@di�a �B�HVBE	IKaUQD@*F b�aUVcG L�QnGdagaUC�FZJ+FZ`ZFHE L�agbDVBITQD`ZITbDIKa
JML�F �+`H[KAD@Bi�aOJDF�]�L�AD[KI �+aUA�@WF��BL+��L�b�FZQDL�@�ADE FH[�� GdVBa�Qtb�a�JDF a�`ZADbML�V�ADE JDF GdFHVBE	IKQML�J+a
FH@WG L�JDaD� P E L �MCDVBL �Ub+GBIK`ZLRE	aUQDaUE	a6J+aD� b aUV F��6FHE�bD[TaD� FZE bDVBITQD`=	TbDIKa QMi�a GdFHE [TIKE	ITGBFZ@
bML�VdL.agQ �DE�FHVBagJDF �B��GBaUQD@9efADFxGBVdL�QD@Wb a�VWG L6� A+E kUADIKL.JDFxaUQDJDL�@\FZ[TFHGdV �UQDIT`Za�b�a6JDF�`ZaUQnGdFHV
L�b�FZQDL�@gADE Q �DE	FZVBaO[TIKE	ITG L�JDa_JDF�FH[��HGBVBaUQ+@Z�MaOefADF�[KIKE	ITGdL_L�`Za�VBVBFHQnGdFYL�GdVBL�S �Z@ JDFZ[TF��

•
Y `ZL�VBkUL JDaU@xFZ[��HGBVBaUQD@ � L ,�`ZaUE e�A+F FH[KFH@xIKQnGdFHVdLK�BL�E ��aUVWGBFZE	FZQnGdF�`HaUE a�A+GdVWaU@xFZ[��HGdVWaUQD@H�
X4��GdaUQD@H� L�a `ZaUQnGBV'��VWIKaD�^QMi�a�ITQnGdFZVBL�kUFHE � � L5	 a @WAD`ZFH@B@Wa�JDaU@_FH[�� GdVBa�QD@_QDa�bDVBa�`ZFH@B@dLK�
E	FZQnGdaOJDF�ITQ+��aUVBE�L�h-%6FH@.F�a	J+aU@��B��GdaUQ+@ Q+aOGBVdL�Q+@Bb�aUVWGBF&J+F&ITQ+��aUVWE L�h-%6FH@

•
Y VWFZ[KL�hji�aOFHQfGBVBF&FZQDFHVBkUIKL#F�SUFHGBaUV JDF�aUQDJML�@di�a	J+IT��FZVWFZQnGdFH@Z� ]�L�VBL#�B��GdaUQ+@gGBFZE	aU@

E = ~k
c

n
, < 6 � 6 � >

aUQ+JDF c �_L#SUFH[Ka�`ZITJML�JDF�JMLO[KA�,�Q+a	S ��`HADa�F n ��a�	TQDJDIK`HF�JDF�VBF ��VdL�hZi�aD� ]�L�VBL	FH[�� GdVBa�QD@
GBFZE	aU@

E =
~

2k2

2m∗
+ V.

< 6 � ��� >
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P E L.JDI ��FZVWFZQDhZL �xe�A+F L.FHQDFZVWkUI L�JDa�@\FZ[�� GdVWaUQD@\L�b+VBFZ@WFZQnG LgADE�L.JDFZb�FZQ+J�&ZQD`HI LgefAML�JDV���GdIT`jL
`HaUE k F LtFZQDFHVBkUIKL JDa�@_�B��Gda�QD@_L�bDVBFH@BFZQnGdL ADE LtJDFZb�FZQ+J�&ZQD`HI L [TIKQDFZL�VZ� Y JDIT��FHVBFZQ+hjL
E�L�IK@ IKE	b aUVcG L�QnGBF8�YLOIKQ+`Z[KA+@di�aOJDa�GdFHVBE	a�b�a�GBFZQD`HI L�[9FH[�� GdVBIT`ZaD� V ��bML�VBLOa	FZ[��HGBVBaUQ9� !
GBFZVBE	a b�a�GdFHQD`ZIKL�[ b FHVBE	ITGdF&ADE `ZaUQ �MQML�E	FZQnGda�E�L�ITaUVRbDL�VdL FH[�� GdVBa�QD@wJDa�efADF�a `ZaUQ � �
QML�E�FHQfGBaOb aU@W@�	 SUFZ[qbML�VdL#�B��Gda�QD@Z�

����� � �' �� �
 !� *!��� �
 �% �  �
 !� ' �������
 

! GdVBL�QD@BIT@WGBaUV�J+F�FH��FHITGBa�JDF `jL�E	b a�< X � � >OF�a�GBVdL�QD@WIK@cGdaUV	CDIKb�aU[KL�V#G'&HE b�aU@BITh#%�FZ@	JDaUE	IM�
QML�QnGBFZ@1QML FZ[TFHGdV �UQDIT`jL�JML L�GBAML�[TIKJML�J+F�� ]^aUV �ZEt�wa `HaUQnGdIKQfAML�JDa L�S�L�Q+hZa JML�@ G��Z`ZQ+IK`jL�@�JDF
E	IK`ZVWa�� L�CDVWIK`ZL�hji�aOGdFHE b�aU@B@WIKCDIT[KI G L�JDaO� L�CDVWIK`ZL�VwFH@WGdVWA+GdA+VdL�@�`Za�E JDITE�FHQD@�%�FZ@wE�FHQDaUVBFH@�efADF�a
`Za�E�bDVWIKE	FZQnGdatJDF	`Za�FZV�&ZQD`HI L J+F�� L�@WF�JDa�FZ[�� GdVWaUQ9� Lφ

� �wF�ADE L1E�L�QDFZITVdL1kUFZVBL�[ � FZ@cG L�@YFZ@��
GdVWA+GdA+VdL�@Y@di�a `H[ L�@W@BIM�M`jL�JDL�@_`HaUE�a E�FH@BaU@W`=�Ub+IK`jL�@_F QDi�a�b�a6J+FZE @BFHV#JDFZ@W`ZVWITG L�@_b�FZ[ L1GdFHaUVBIKL
GdVBL�JDIT`ZIKa�QML�[xJDa�GBVdL�Q+@Bb�aUVWGBF @BFHE�I*� `H[ ��@W@BIK`HaD� b aUIT@_LtQML�GBADVBF-,jL aUQDJ+AD[ L�G��UVBIKL�JDa FZ[��HGBVBaUQ�GdFZE
efADF	@BFZV�Gda�E L�JDL1F �6bD[KIT`ZITGdL�E	FZQnGdF�FHE�`ZaUQD@WIKJDFHVdL�hZi�aD� � @WGdat@BITkUQDIM�M`jL�efADF���L�at`ZaUQnGdV���VBITa1JDa
efADF�a�`ZaUVWVBF `HaUE a�@#JDIK@Wb a�@BITGBITS�aU@_FH[KFHGBV��UQ+IK`Za�@_`Za�E#ADQD@H� FHE efADF�a�@#b a�VWG L�JDaUVBFH@#@BF�J+IT��ADQ �
JDFHE F�@di�atL�VWVdL�@cG L�J+aU@�b a�V ADE `ZL�E	b a�FH[��HGBVBIT`Za�QML�FZ@cGdVWA+GdADVBL�`ZVBIT@WGdL�[KITQML � aU@�J+IK@Bb�aU@WITGdI SUaU@
E	FZ@Ba�@B`=��bDIK`HaU@ @Bi�a&CML�@BFZL�JDaU@ QDa&GdVdL�QD@Bb�aUVWGBFg`Za�FZVBFHQnGdFwJ+aU@=b aUVcG L�J+aUVBFH@Z� . a S�aU@ J+IK@Bb�aU@WITGdI SUaU@
efADF�GdVdL�CML�[ 
 L�E QDa�VBFHkUIKE	F�E�FH@BaU@W`=�Ub+IK`ZaOG'&HE @BITJDa�b+VBaUb�aU@WGBaU@g`ZaUE	a	@BADCD@cGdI GdA+GBaU@gJDa�GBVdL�Q �
@BIT@WGBaUV X � ��F JDa&GdVdL�QD@BIT@WGda�V CDITb a�[ L�VH� Y b FH@dL�V JDFwQDFHQ 
 ADE JDFZ[TFZ@ GdFZV L�IKQ+JML&a�C+GdITJDaY@WAD`ZFH@B@WaD�
aU@	knL�Q 
 aU@�J+F ADE�L�IKE	bD[KFHE�FHQfGdL�hji�a�C FHE @WAD`ZFHJDIKJDL @di�a G i�a kUVBL�QDJDFH@�efADF FZ@cGdIKE_AD[ L�E L
LjS�L�[KIKL�hji�a_JDF�QDa�SUaU@ `ZaUQ+`ZFZI GdaU@H�

���	�
��� 2�354 �_?=4�3 :+3	�=?=4�
����=s :635|*?=4 Tw7 35s :6798�� 798��\sw| 35;

! GBVdL�QD@Wb a�VWGdFO`HaUE `Za�FZV�&ZQD`HI L1JDF�� L�@BF	b�aU@B@WIKCDIT[KITGdL L�`ZaUQ+@WGdVWADhji�a�JDIT@Bb�aU@BI GdITS�aU@�FZ[TFHGBV��UQDIT`ZaU@
AD@BL�QDJDa5� @BF	��FZQ��UE	FZQ+aU@YJ+F IKQnGBFZVW��FHV�&HQD`ZIKL�L�Q)��[KaUkUa�@�L�aU@_A+@dL�JDa�@_QDaU@&IKQnGBFZVW��FHV��UE	FHGBVBaU@��Ub+GBIM�
`Za�@Z� � [TFZ@ b a�@B@BA+FZE ADE b+VBIKQ+`ZIKb+IKa�JDF&aUb�FZVdL�hji�aO`Za�E#ADEt� P E L�aUQ+JML	FH[KF GdV���QDIK`ZLOITQD`ZITJDFZQnGBF
��JDI S6ITJDIKJDL�FZE JDaUIT@ E�a�JDaU@we�A+F�@BFObDVBa�bML�knL�E QDa�JDIT@Bb�aU@BI GdI SUa @WFZbML�VBL�JML�E	FZQnGBF�F�b aU@cGdFHVBIM�
aUVWE�FHQfGBF�@di�aOVWFZ`Za�E#CDIKQDL�JDaU@H� "6F�L�JDIT��FHVBFZQ+hjL�JDF�� L�@BF�FHQnGdVBF�aU@�E	a�JDaU@.FH@WGdI SUFHVRL�[TGdFHVdL�JDL#QML
VBFH`ZaUE_CDIKQML�hji�aD�na�`Za�VBVBFHV'��IKQnGdFHVW��FHV�&ZQ+`ZI L6� ����VWI L�@=FH@WGdVWA+GdA+VdL�@ JDIT��FHVBFHQfGBFZ@ G'&ZEy@WIKJDa&bDVWaUb a�@WG L�@
bML�VBL�aUC+GdFHVgFZ@WGBF�`ZaUQnGdVWaU[KF�JDF�� L�@WF��
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.RagITQfGBFZVc��FZV���E�F GdVBa JDF Y 
 L�VBaUQDa�S2� # a 
 E 
 6 @ � � aUA�IKQnGBFZVW��FHV��UE	FHGBVBa ��L�` 
 � 
*F 
 QDJDFHV FH[KF GdV���QDIK`Ha�� �
L�aUQDJML�FZ[TFHGBV��UQDIT`jL �gJDI S6ITJDIKJDL FZE JDa�IK@x`jL�E�ITQ 
 aU@ �M@WIK`ZL�E�FHQnGdF�@BFHbML�VBL�JDaU@H� � L�bD[TIK`jL�JML ADE�L
JDI ��FZVBFHQDhjL�JDF�b�a�GBFZQD`HI L�[gFZQnGBVBF aU@	`jL�E�ITQ 
 aU@H�.`ZaUE	a�E	aU@cGdVdL�JDa QDL�X�ITkUADVdL 6 � 6 �+� .wL�VBFG�
`Za�E#CDIKQDL�hji�a�a�@ FH[�� GdVBa�QD@�S�i�a	@WFZVgGdVBL�QD@BE	ITGBIKJDa�@ aUAtVBF��MFHGBIKJDaU@H�MJDF&L�`Za�VBJDa	`ZaUE LOJ+IT��FZVWFZQDhZL
JDF � L�@WF FZQnGBVBF1aU@#`ZL�E�ITQ 
 aU@YbDVBa�S�a6`ZL�JDa�b FH[Ka b�a�GBFZQD`HI L�[ L�bD[KIT`jL�J+a N b�aUVWGdL < IKQnGBFZVW��FHV�&HQD`ZIKL
`Za�QD@WGBVBA+GBITS�L�aUA J+FZ@WGBVBA+GBITS�L+�DVWFZ@Wb FH`HGdI S�L�E�FHQnGdF�> �

Fonte

Porta

Dreno

Caminho 1

Caminho 2

L

Z

XY

X�ITkUADVdL 6 � 6 �$" �wIK@Bi�a FZ@WefADFZE ��GdIT`jL JDa�ITQnGdFZVc��FZV �UE�F GdVWa1��L�` 
 ��
*F 
 Q+JDFZV�FH[KFHGBV��UQ+IK`Za+� Y CML�V��
VBFHIKVBL�Q+a�E	FZITa�JML�FZ@WGBVBA+GBADVdL���aUVBE�L JDaUIT@�`jL�E	IKQ 
 aU@�JDIT@WGdITQnGdaU@H� ! b a�GdFZQ+`ZI L�[�L�bD[TIK`jL�JDa�L
b�aUVWGdL L�[ GdFZVBL L�� L�@BF_JDL aUQDJML	FZ[TFHGdV �UQDIT`jL�FY`ZaUE IK@W@Ba�E#ADJML a bML�JDVBi�a JDF_IKQnGdFHVW��FZV�&ZQD`HI L	QML
VBFHkUI i�a�JDF�VBFZ`HaUE#CDITQML�hZi�aD�

Y JDIT��FHVBFZQ+hjL�JDF � L�@WF&b�a�JDF @BFHVgkUFZVBL�JML#G L�QnGBa	b�aUV.A+E `jL�E	b�a#FZ[��HGdVWIK`HaD�+efAML�QnGBa�b�aUV�ADE
`jL�E�b�a E�L�kUQ�� GdIK`HaD�*b�aUIT@�L�E#C�aU@ @Bi�a�`jL�bDL ,ZFH@&J+FOL�[TGBFZVdL�V L � L�@WF#JML�aUQDJML FH[KF GdV���QDIK`ZL�
 6 8 � �
Y [KFHI9bML�VBLOE_ADJML�QDhZL�JDF�� L�@BF�� ∆φm

�MJ+FHS�IKJDa	L�ADE `ZL�E	b aOE�L�kUQ�� GdIK`HaD� �&L�@BFHkUADITQfGBF "

∆φm =
e

~

∫

caminho

−→
A · ds, < 6 � � 6 >

aUQDJ+F −→A � a�S�FHGBaUV#b�a�GdFHQD`ZIKL�[ F L�IKQnGdFHkUVdL�[ ��GdaUE�L�JML L�a [Ka�QDkUa�J+a `jL�E	IKQ 
 a�b�FZVW`ZaUVWVBITJDa
b�FZ[Ka FZ[��HGBVBaUQ9�!� VdL�JDIT`ZITaUQML�[TE�FHQfGBFxFZ@cGdF GBIKb�aRJ+F IKQnGBFZVW��FHV��UE	FHGBVBa � `HaUQnGdVWaU[ L�J+aRb�aUVqADE `jL�E	b�a
E�L�kUQ�� GdIK`HaD� E L�@YbML�VBL�L�bD[TIK`ZL�h#%�FZ@&`ZaUE	a�` 
 L�S�FjL�E	FZQnGBa�JDIKkUI G L�[ �qaU@_`ZL�E�b�aU@YFZ[�� GdVWIK`Za�@Y@Bi�a
E�L�IK@.@WIKE	bD[KFH@�JDF�@BFHV k�FZVdL�JDaU@Z�

	�
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6 �

Y E#ADJML�Q+hjLOJDF�� L�@BF�� ∆φe
�+bDVBa�SUa�`jL�JML	b�aUV�ADE `jL�E	b aOFH[��HGBVBIT`ZaD� �&JDL�JMLOb aUV-"

∆φe =
e

~

∫
V dt, < 6 � �U��>

aUQDJ+F V �wa_b a�GBFZQD`HI L�[�FZ@W`jL�[KL�VZ� Y @B@WADE	IKQDJDa_e�A+F�L_JDIT��FHVBFHQDhjL_J+F b a�GdFZQ+`ZI L�[ E��ZJDIKL&FHQnGdVBF�a�@
JDaUIT@�`jL�E	IKQ 
 aU@�JML	X�IKk�ADVdL 6 � 6 � � V12

F&efADF&aOFZ[��HGdVWaUQt@BF&bDVBaUbDL�knL�`ZaUE�SUFZ[Ta6`HIKJML�JDF�[KaUQDk�IM�
GdA+JDIKQML�[ vx

QDFZ@cG L�@RVBFHkUI+%�FZ@H�MAD@dL�Q+JDa LOFZefAML�hZi�a L�`ZIKE�L�b a�JDFHE�aU@g`HaUQD`Z[TADIKV�efADF_L	J+IT��FZVWFZQDhZL
JDF�� L�@WF&b+VBa�SUa�`jL�JDL	`ZL�E�b�a�FZ[��HGBVBIK`Ha � "

∆φe =
L

vx

eV12

~
. < 6 � ��� >

PR@dL�QDJDa�L VWFZ[KL�hji�a�JDF �qL�Q+JML�ADFHVZ�*b�a�JDF � @BF#E	aU@WGBVdL�V efADF�L `HaUQDJDA6G*(�QD`HI L	IKV'�	aU@B`HIK[KL�VgJDF
E�L�QDFZITVdL#@WFZQ��UITJML�[ �+JDF&L�`HaUVBJDa	`Za�E L�FZefAML�hZi�a L�CML�I �6a 
 6 B � �

G =
4e2

h
|t1t2|

2(1 + cos ∆φe),
< 6 � �L9 >

aUQDJ+F t1 F t2 @di�atL�@&L�E	bD[KI GdADJ+FZ@wJDL�@���ADQDh#%�FZ@�JDFOaUQ+JML�QDaU@�`jL�E�ITQ 
 aU@ 1 F 2 �\VWFZ@Wb FH`HGdI S�L��
E	FZQnGdF��.]^a�VWG L�QfGBaD�M@BF&JDI ��FZVBFHQDhjLOJDF�� L�@BF&FZQnGBVBF&aU@gJDaUIK@g`ZL�E�ITQ 
 aU@.��a�V ∆φe = 0 < V12

� � > ��L
`Za�QDJDA+G'(�QD`ZIKLOL�GdITQDkUF�aO@BFHA S�L�[Ka�V.E �R�+ITE�a Gmax = 8e2|t1t2|/h

� "6F ∆φe = π �MIK@WGBa ���

eV12 =
~πvx

L
< 6 � �575>

L�IKQnGdFHVW��FZV�&ZQD`HI L � J+FZ@WGBVBA+GBITS�L�F `HaUQDJDA+G'(�QD`HI L�L�GdITQDkUF�a�@WFZA S�L�[KaUV�E�	KQDITE�a+�xIK@WGBa ��� FH[ L �
L�QfAD[KL�JML+�
]^a�JDF � @BF&JDF �MQ+IKV L�[Kk�ADQD@gbML�V�(�E�F GdVWaU@�`jL�VBL�`HGBFZV 	K@WGBIK`HaU@gbML�VdLOa	JDIK@Wb aU@WITGBITSUa+� ! CnS�I L�E	FZQnGBF

a�GdFHE�b�a�JDF#GdV�(�QD@WITGda1L GdVdLjS �Z@�JDaU@�`jL�E�ITQ 
 aU@ � ttr = L/vx
� "6F L = 200nm F vx = 2 ×

107cm/s �DGBFZE � @WF ttr = 1 ps F�bML�VBL�a	b�a�GBFZQD`HI L�[9J+FZ@WGBVBA+GBITS�aD� V12 = 2meV � � IKE	b aUVcG L�QnGBF
QDa�GdL�V=efADFw`ZL�E�ITQ 
 aU@xE�L�IT@x`ZADVcGdaU@ VBFZefADFHVBFHE b�a�GBFZQD`HI L�IT@xE L�IT@ L�[TGBaU@Z� ! GdFHE�b�aYJ+F GBV'(�QD@WITGBa
ttr
J+FHGdFHVBE	IKQML&L���VBFZe /�&HQD`ZIKL_JDF `ZaUVcGdFRJDa_JDIT@Bb�aU@BI GdI SUaD� ωc = 1/(2πttr)

� � aUE	aYa�@ `ZL�E�ITQ 
 aU@
JDatJDIK@Wb a�@BITGBITS�a QMi�a QDFH`ZFH@B@BI G L�E JDa�bML�kUFHE F�b�a�JDFZE GBFZV&JDIKE	FZQD@�%6FH@�CML�@WGdL�QnGdF	VBFHJDA�,ZITJML�@H�
FZE bDVBITQD`=	TbDIKaD�6FZ@cGdF�JDIK@Wb a�@BITGBITS�a�b a�JDF�aUb�FZVdL�VgL�G,��L�� L�I �+L#JDF�GBFZVdL 
 FZVcG',��

� @cGdFRE�a�JDFZ[Ta�b FHVBE	ITGdFgADE�L�`ZaUE	bML�VBL�hji�a&JDFH@WGdFRJDIK@Wb a�@BITGBITS�aY`HaUEya#X � ��`HaUQnSUFZQ+`ZIKa�QML�[ �
� aUQD@WIKJDFHVdL�Q+JDa�efADF a�X � � FH@WGdF(�BL QDa�VBE�L�[KE	FZQnGdF�[TIKknL�JDaD� `ZaUEmaU@	FZ[��HGBVBaUQD@	JDa `jL�QML�[�JDF
`Za�QDJDADhZi�a�`HaUE FZQ+FZVBk�I L�JDF�XMFHVBE	I.IKkUADL�[�L EF

� L�S�aU[TGdL�kUFHE JDFt[KITE�IKL�VYbDL�VdL�JDFZb+[KFHGdL�VOa
`jL�QML�[\JDa	X � � b�a�JDF�@BFHVRFH@WGdITE L�JML#`ZaUE	a�"



���

eVlim,FET ≈ EF =
~

2k2
F

2m∗

< 6 � ��@ >

]�L�VBLOa ��L�` 
 � 
*F 
 QDJDFZVgFH[ L ��JML�JML�b�FZ[ L�FHe�ADL�hji�a 6 � �576�Db�aUVcG L�QnGda

eVlim,Mach−Zehnder ≈ eV12 =
π~vx

L
=
π~

2kF

m∗L
=

~
2k2

F

2m∗

2π

kFL
= eVlim,FET

λF

L
< 6 � �585>

aUQDJ+F λF
`HaUE	bDVBITE�FHQfGBa JDF a�QDJML J+F�XMFZVWE�I � � a�E�a λF � L ��b a�JDF � @BF�`Za�QD`Z[TADIKV1efADF

a�JDIK@Wb a�@BITGBITS�a�e�A�(�QnGdIK`Ha b�a�JDF1aUb FHVdL�V�`HaUE ADE�L SUaU[ G L�k�FZE J+Ftb�aUVcG L�@BITkUQDI��D`jL�GBITS�L�E	FZQnGdF
E	FZQDaUVwF�b aUVcG L�QnGBa�JDIK@W@BIKbDL E�FHQDaU@�`jL�[KaUV efADF�atX � � `ZaUQnS�FZQD`HIKaUQML�[ � � @cG L�bDVBa�bDVBITFZJML�J+F �
S ��[KITJML�bML�VBL JDIT@Bb�aU@BI GdI SUaU@qefA)(�QnGdIT`ZaU@^JDF IKQ+��FHV�&ZQ+`ZI LgFZE kUFHVdL�[ � b aUIT@^FHQDefAML�QnGda X � � AD@dLg��aUVBhZL
I5C+VBA+GdL KwGBFZQDJ+a	efADF�JDFHbD[KF G L�VH�+F �+b+AD[K@BL�VZ�MaU@ FZ[�� GdVWaUQD@�@Ba�C L�b�aUVWGdL#JDF�`Za�QfGBVBaU[TF bML�VBL#E#ADJML�V
L�`ZaUQDJ+A+G*(�Q+`ZI L6� aU@	JDIK@Wb a�@BITGBITS�aU@Oe�A�(�QnGdIK`HaU@	JDF ITQnGdFZVc��FZV�&ZQD`HI L�G'&ZE L�b FHQML�@	e�A+F E#A+JML�V	L
� L�@WF JDL�a�QDJML�FZ[TFHGdV �UQDIT`jL bML�VBL�L�[TGBFZVdL�VxL�@BAML�`ZaUQ+JDA+G*(�QD`ZIKL+� ! A+GBVdL�`jL�VBL�`HGBFZV 	K@WGBIK`ZL�efADFgb�a6J+F
@BFHV `ZI G L�JDL��_a�� L�Gda J+F_efADF#a1� L�` 
 � 
*F 
 QDJDFHV�efA)(�QnGdIT`Za JDF SUF�aUb�FZVBL�V `ZaUQDJ+A�,ZITQDJDa1L�b�FZQML�@
ADE �DQDIT`Za&E�a�JDa&FZE `jL�JMLYkUA+I L�JDFwaUQ+JML�@Z��b�aUIK@ a_`ZL�E�b�a&FZ[�� GdVWIK`Za&bDVWa S�a6`ZL#L�GBVdL�@WaU@ J+FR� L�@WF
JDI ��FZVBFHQnGdFZ@�FZE E�a�JDaU@ JDIT@WGdITQnGdaU@^F IK@cGda � L , `HaUE e�A+F.aU@�E �h�6IKE	agF E�	KQDITE�a�@\JMLw`Za�QDJDA+G'(�QD`ZIKL
�MefADFHE IKQDJDF �MQDITJDaU@Z�

� 65� + % ��
 � � 
 8 � 5 698/��� � %�� � ����� 8 65�

! CD@BFHVWS�L�� @BF QDLRQML�GBADVBF-,jL e�A+F ADE�LRbML�VWG,	T`ZAD[KL.GdFZE A+E L bDVBaUCDL�CDIK[TIKJML�JDF QMi�a�� QfAD[ LgJDF GdADQDFH[ L�V
L�GBVdLjSD�H@&J+F�ADE L CDL�VBVWFZIKVBL efADFO`Z[KL�@B@WIK`jL�E�FHQfGBF#@BFHVBIKL IKQnGdVBL�QD@Bb�aUQ�	 SUFH[ � Y bDVBa�CML�CDIT[KIKJDL�JDF&JDF
GdA+QDFZ[KL�V�L�GBVdLjSD�H@ J+F�ADE L#CDL�VBVWFZIKVBLH��VBFHJDA�,HIKJML�`Za�E�a	L�ADE	FZQnGBa�JMLOL�[TGBADVdL_F�JDL#[ L�VWkUADVdLYJML
E	FZ@BE�L+� ! L�`HaUbD[ L�JDaUV&e�A�(�QnGdIK`Ha JDITVBFZ`HIKaUQDL�[ � L , A+@Ba JDFH@WGBF ��FZQ���E�FHQDa�F�JML ITQfGBFZVc��FZV�&HQD`ZIKL
efA)(�QnGdIT`jL+�

! L�`ZaUb+[ L�JDa�V J+IKVBFH`ZITaUQML�[fefA)(�QnGdIT`Za 
 6 �6����� � `HaUQD@WIK@WGBF JDF JDaUIT@^kUA+I L�@qJDF aUQDJML�@^E�a�QDaUE	a6JDa
bML�VBL�[KFH[KaU@ JDFZQ+aUE�ITQML�JDa�@9JDFxkUADIKL.JDFxaUQDJDL�@9��aUQnGdFxFxJDVWFZQDagVWFZ@Bb�FZ` GdI S�L�E�FHQfGBF�� `Za�E�a�E	aU@WGBVdL�J+a
QMLRX�IKkUA+VdL 6 � 6�6 � � [TF A+GBIK[KI ,jL.a�L�`ZaUbD[KL�E	FZQnGda FZQnGdVWF aU@^JDaUIT@^kUA+I L�@ JDF a�QDJMLRJ+F E	a6JDaRL�Q)��[KaUkUa
L�a1L�`HaUbD[KL�JDaUVRJDIKVWFZ`ZITaUQML�[!�Ub+GBIK`Ha JDF�`jL�QML�[�J+ADbD[Ka 
 � 6
� < I aUb+GdIT`jL�[ JDAML�[M� ` 
 L�QDQDFH[�JDITVBFZ` GdITaUQML�[
`Za�ADbD[KFHV K >\F L�aRL�`Za�bD[ L�J+aUV\JDIKVWFZ`HIKaUQML�[nJDF E_AD[TGBIM� `ZLjS6ITJML�JDF�JDF JDA+bD[Ka kUADIKLgJ+F E	IK`HVBa�aUQDJML�@ 
 �U� �
< I5E	IK`HVBa�� L�S�F�JDAML�[*� kUADITJDF E#A+[TGdI 
 aU[TFwJDITVBFZ` GdITaUQML�[ `ZaUADb+[KFZV K > �

! E�a�JDa1C)��@WIK`HatJ+F�aUb�FZVBL�hji�a JDa L�`HaUbD[ L�JDaUV�JDITVBFZ`HIKaUQDL�[ efA)(�QnGdIT`Za ��a1@WFZkUADITQnGdF "YADE�L
b�FZefADFZQDL GdFZQ+@di�aS�_L�bD[TIK`jL�JML	FHQnGdVBF#L FZQnGdVBL�JML F_L @dL5	KJML	JDa kUADIKL	J+F#aUQDJML�@R��aUQnGdF � L @BL 	KJDL
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Fonte
(entrada)

Fonte
(saída)

Dreno
(entrada)

Dreno
(saída)

Porta

Lac

Guia de ondas fonte

Guia de ondas dreno

X

Y

X�ITkUADVdL 6 � 6�6 " �wIK@di�a�FZ@BefADFHE � GdIK`ZL�JDa1L�`Za�bD[ L�J+aUV efA)(�QnGdIT`Za�JDITVBFH`ZIKa�QML�[ � Y S�aU[TGdL�kUFZE L�bD[TIM�
`jL�JML�L�b�aUVWGdL�`ZaUQnGdVWaU[KF�L#GdLh�+LOJ+F&GBADQDFZ[KL�E	FZQnGda�FHQfGBVBF&aU@gkUADIKL�@.JDF�aUQDJDL�@��

JDa	kUADIKL#JDF�aUQDJML�@gJDVWFZQDa��&E L�QnGBIKJML#QDaOE	FZ@WE�aOb�a�GdFHQD`ZIKL�[9efADFYLO@BL 	KJDLOJ+a�kUA+I L#JDF&aUQDJML�@
��aUQnGdF	F�L `Za�VBVBFHQnGdF	JML�@_J+AML�@&@dL 	TJML�@�� E	FZJDITJML�IKQDJ+FZb�FZQDJDFHQnGdFZE	FZQnGBF � LtFHQnGdVdL�JML�JDatkUADIKL
JDFOaUQDJDL�@�JDVBFHQDa ��JDFZI �DL�JML �MA+GdADL�QDJDa1bML�VBL�bDVBF SUFZQ+IKV&L�bML�@B@BL�kUFHE JDF�efAML�[Te�A+FZV�`ZaUVWVBFHQfGBF
L�GBVdLjSD�H@�JDFZ@cGdF GBFZVBE	IKQDL�[ � LtGdFZQ+@di�a�JML b aUVcG L�`HaUQnGdVWaU[ Lta�kUVdL�A JDF�L�`HaUbD[KL�E�FHQnGda�FHQnGdVBF�a�@
JDaUIT@�kUADIKL�@�JDF�aUQDJML�@Z�Mb�aUVWGdL�QnGdaOFZ[KL#E�a�JDAD[KL#a	Q 	TSUFH[\JDF�`ZaUVWVBFHQfGBFYFHQnGdVBF�aU@gJDa�IK@.GdFHVBE	IKQML�IK@Z�

"6Fwa#`HaUE	bDVBITE�FHQfGBa_JDFwL�`Za�bD[ L�E	FZQnGBa Lac
��aUV E	FZQDaUV efADF a#`HaUE�b+VBIKE	FZQnGBa_JDFR`Za�FZV�&HQD`ZIKL

JDFx� L�@WFxJDagFZ[�� GdVWaUQ Lφ
� FZQnG i�a a�@\FZ[�� GdVWaUQD@\`Za�EoFZQDFHVBkUIKL.IKkUADL�[UL�FZQ+FZVBk�I L�JDF=XMFZVWE�IUQDLgFHQnGdVdL�JML

JDaOkUADIKL�JDF�aUQDJML�@���aUQnGBF��ME�L�QnG'&ZE L�@BAML�� L�@BF�FHQDefAML�QnGda�@BF�bDVBa�bML�knL�E�QDa�L�`ZaUb+[ L�JDa�VZ�
"6F LgCDL�VBVWFZIKVBL.FZQnGdVWF=aU@qJDaUIK@*kUADI L�@\JDF=aUQDJML�@9�=b�FZefADFHQML ag@WA �M`ZITFZQnGdF FZEoL�[TGBADVdL.Fx[KL�VBkUA+VdL+�

FZQnGdi�a bML�VcGdF#JDL `jL�A+JML JML���A+QDhji�a�J+F_aUQDJDL JML FHQfGBVdL�JDL JDa kUADIKL�JDF_aUQDJML�@ ��aUQnGdF#b�FZQ+FHGdVBL
QDa�kUADI L�JDFYaUQDJML�@RJDVWFZQDa�F��6`ZI G L�Q+JDa E	a6J+aU@gQDa E	FZ@WE�aD� �wFZ@WJDF_efADF_L	� L�@WFYJDa�FZ[��HGdVWaUQtQDa
kUADIKL JDFOaUQDJML�@���a�QfGBF � �+QDIK`ZL+�\a1bDVBa�`ZFH@B@Ba JDF�GdADQ+FZ[ L�E�FHQfGBa1a6`HaUVBVWF�FZE � L�@WF	L�a1[KaUQDk�a�JML
JDIT@WG*(�QD`ZIKL1J+F L�`HaUbD[KL�E�FHQnGda Lac

� IK@WGBa ���^GBFZE � @BFOADE�b+VBa�`ZFZ@W@Ba J+F	GBADQDFZ[KL�E	FZQnGdat`Za�FZVWFZQnGdF��
� aUE	a�`HaUQD@BFHe /�&ZQD`HI L+� GBFZE � @WF ADE�LtGBVdL�QD@c��FZV�&ZQD`HI L�JDF�JDFZQ+@BIKJDL�JDF JDF�bDVBa�CML�CDIT[KIKJDL�JDFOFZQnGdVWF
aU@gJDaUIT@�kUADIKL�@�JDF�aUQDJML6�

� @WGda�b�a�JDF#@BFHV�FZQnGdFHQDJDITJDa�`ZaUQ+@BIKJ+FZVdL�QDJDa�efADFOa FZ[��HGBVBaUQ�FH@WG*� ITQDIK`HI L�[TE�FHQnGdF�FZE ADE JDa�@
JDaUIT@Yk�ADI L�@�JDF�aUQDJML�@YF L @BADLt��ADQDhZi�a�J+F aUQDJDL �	ADE Lt`ZaUE_CDIKQML�hji�at[KITQDFjL�V�J+F ADE�E	a6J+a
@BITE�� GdVWIK`Za < FZQ+FZVBk�I L Es

>_F1ADE E	a�JDa�L�QnGdI*� @BITE�� GdVWIK`Za < FHQDFZVWkUI L Ea
> � Y `jL�JDL�E	a6J+a FZ@cG*�

L�@W@Ba�`ZI L�JDagADE � L�GBaUV\JDFx� L�@BF bDADVWagJDFZb�FZQDJ+FZQnGdF JDa GBFZE	b agJML���aUVWE L exp(−iEa,st/~) �4� aUE	a
`jL�JML E�a�JDa�GdFZE FZQDFHVBkUIKL�[KITkUFZITVdL�E	FZQnGBFtJ+IT��FZVWFZQnGdF ∆E = Ea − Es

�gaU@ � L�GBaUVBFH@ JDF � L�@WF
LjS�L�QDhjL�E�L G Lh�+L�@�[TIKkUFHIKVdL�E�FHQfGBF_JDI ��FZVWFZQnGdFH@&F	L�`Za�E#CDIKQDL�hji�a�[TIKQDFZL�V JML�@ ��ADQDh#%�FZ@�JDFOaUQ+JML



�U�

VBFH@BAD[ G L�QnGBFZ@ `HaUVBVWFZ@Bb�aUQDJ+FgLwADE FZ[�� GdVWaUQ#efADF�aU@W`ZIK[KLRITQDJDawF SUaU[ G L�QDJ+a FZQnGdVWF�aU@�k�ADI L�@^JDF.aUQ+JML
LRA+E L���VBFHe�/$&ZQD`HI LwJDF f = ∆E/h � ! A#@BF(�BL+��aRE�a�JDa @BITE�� GdVBIT`ZagC�aUE#C�FZI Lga L�QfGBIM� @BIKE��HGBVBIT`Za�F
S�IK`HF � S�FZVW@dL+�U"�F�FZE t = 0 �Ua�FZ[��HGdVWaUQ�FZ@cGdI SUFZVxFHE A+E JDaU@�kUADI L�@ JDF.aUQ+JML+�UFH[KF.@WF�E�a�SUFHV'� bML�VdL
a1aUA+GBVBa1kUADIKL JDF�aUQDJML�@YL�b �U@�E	FHGdL�JDF�JDa1b�FZV 	Ka�JDa�JDFOaU@B`HIK[KL�hji�a+�9IK@cGda ��� L�b#�U@�ADE GdFZE	b�a
JDF#GBVdL�QD@WIKhZi�a tt = h/(2∆E) �\aUA�L�IKQ+JML+�\L�b#�U@�b�FZVW`ZaUVWVBFZV�A+E L JDIT@WG'(�QD`ZIKL JDF#GBVdL�QD@WIKhZi�a Lt

QML1VBFHkUI i�a�J+F L�`HaUbD[KL�E�FHQnGdaD� Y [��ZE JDF Lt
�qatFZ[��HGdVWaUQ�`ZaUE	FZhZL L�@WFZV�GdVdL�QD@W��FHVBIKJ+atJ+F	S�aU[TGdL

bML�VBL�a	k�ADI L#JDF�aUQ+JML�@gIKQDIT`ZIKL�[ �^]�L�VBL	A+E L#JDIT@WG'(�QD`ZIKL�F��+L�G L�E�FHQfGBF�IKkUAML�[9L 2Lt
�Da	FZ[�� GdVWaUQ �

`Za�E�bD[TFHGdL�E�FHQnGdFgGdVdL�QD@W��FHVBIKJ+aYbML�VdLYa_kUADI L�JDFRaUQDJML�@ aUVBITkUIKQDL�[DFwFH@WGBFwbDVWa6`HFZ@B@Wa�bDVBa�@B@BFHkUADFRJDF
E�L�QDFZITVdL#b�FZVWI���JDIK`ZL+� ! b+VBa�`ZFZ@W@Ba���IK[KA+@WGdVBL�JDa�FH@BefADFZE�L�GBIK`jL�E�FHQfGBF�QMLOX�IKkUA+VdL 6 � 6 �6�

Guia de ondas

fonte

Guia de ondas

dreno

X=0

L /2t

Lt

2L /3t

2Lt

X�ITkUADVdL 6 � 6 ��" �wIK@Bi�agFZ@BefADFHE � GdIK`ZL JDL F SUaU[TADhji�aRL�a [KaUQ+kUagJML `Ha6a�VBJDFHQML�JML/�&JMLgJDFZQD@WIKJML�JDF=JDF
bDVWaUCML�CDIT[KITJML�JDFRFZ[KF GdV �UQDIK`ZL_QML�VBFHkUI i�aOL�GdI S�LYJDa	L�`ZaUb+[ L�JDa�V.efA)(�QnGdIT`ZaOJDIKVWFZ`HIKaUQML�[ � Y FHQnGdVdL�JML
QML�VBFHkUI i�a�L GdITS�L#a�`ZaUVWVBF�FHE � � �6�MaUQDJDF&L�b�FZQML�@ aOkUA+I L#JDF�aUQDJDL�@���aUQnGdF�FZ@cG*�OF��6`ZI G L�JDa+�

Y J+IK@WG'(�QD`HI L1JDF	GBVdL�Q+@BIKhZi�a Lt
FZ@cG*� VWFZ[KL�`ZITaUQML�JML�`HaUE Lt`HaUQD@cG L�QnGdF�JDF�L�`ZaUb+[ L�E	FZQnGda κ

JML#��aUVWE L#E	aU@WGBVdL�JDLOb�FZ[KL�FZefAML�hZi�a L�CML�I �6a�"

Lt =
π

2κ
, < 6 � ��B >

aUQDJ+F κ ��ADE L#��ADQ+hji�a	JDaOb a�GdFZQ+`ZI L�[\L�bD[TIK`jL�JDaOL�b aUVcG L+�
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Y @W@BITE `ZaUE	a	QDa�ITQnGdFZVc��FZV �UE�F GdVWa � L�` 
 � 
*F 
 QDJDFHVRFH[KF GdV���QDIK`HaD�MLOVdL ,Zi�aOJDa�k�VdL�QDJ+FYITQfGBFZVWFZ@B@WF
b�FZ[Ka�GdVdL�QD@BIT@WGda�VRJDFYGda�`Za efA)(�QnGBIK`Za �Y@BFHA�b�a�GBFZQD`HI L�[ bML�VBL bDVBa�`ZFH@B@BL�E�FHQnGda�AD[ GdVdL	V'��b+IKJDa�JDF
@BITQML�IT@Z� `HaUEmb�aUAD`jL�JDIK@W@BITbML�hji�a�JDFtFZQDFHVBkUIKL+��P E L�S6IT@di�a�FZ@WefADFZE ��GdIT`jL�JDa�JDIT@Bb�aU@BI GdI SUa �
L�bDVWFZ@WFZQnG L�JDL�QMLOX�ITkUADVdL 6 � 6 �6�DaUQDJDF VP

�YL#GBFZQD@Bi�a�J+F&b�aUVcG L�F VD
�&L#GdFZQ+@di�a	JDF�JDVBFHQDaD�

V
P

V
D

L
estube

L
ef

W

L

W

X�ITkUADVdL 6 � 6 ��" � IK@Bi�a1FZ@We�A+FZE ��GdIT`jL�JDa1GdVdL�QD@BIT@WGda�V�JDF�Gda�`Za1efA)(�QnGdIT`ZaD�qaUQDJ+F VP
�	L1GBFZQD@Bi�a

L�bD[TIK`ZL�JMLOL�aOGda�`ZaD� VD
�YL	GBFZQD@Bi�a L�bD[KIT`jL�JML�L�a�QML�QDa �MaD� W �YLO[ L�VWkUADVdL�JDa�QML�QDa5�MaD� Ltoco��aO`ZaUE	bDVBITE�FHQnGda�JDa�Gda�`ZaOF Lef

�&aO`HaUE�b+VBIKE	FZQnGBa�FH��FHGBITS�a�JDa�GBa6`HaD�

Y GBFZQD@Bi�atJDFOJDVBFHQDa FH@WG'�tVWFZ[ L�`ZIKa�QML�JML `HaUE�L1FZQDFHVBkUIKL1ITQD`ZITJDFZQnGBF�JDa FH[�� GdVBa�Q�b�aUV E =

eVD
� "�F a�`HaUE	bDVBITE�FHQfGBa J+a Gda�`Za+� Ltoco

�4��C FHE E L�ITaUV�efADF a `ZaUE	bDVBITE�FHQnGdatE��HJDIKatIKQ �
FZ[+��@WGBIK`Ha Lφ

� FZQnGdi�a L FZ@cGdVBA6GdADVBL VBFZb+VBFZ@WFZQnG L L�b�FZQML�@ ADE�L IKQnGdFHVB@BFH`ZhZi�a JDF�JDaUIT@��Ma�@�F�L
GdVBL�QD@W`ZaUQDJ+A+G*(�Q+`ZI L6� gm = ∂ID/∂VP

� � ,HFZVBa+� aUQDJDF ID ��L `HaUVBVWFZQnGdF�JDF�JDVBFHQDaD��]�L�VBL
Ltoco ≤ Lφ

�9Q+atFHQnG L�QnGda+�qL QML�GdA+VBF#,ZL�e�A�(�QnGdIK`ZL JDa�GdVBL�QD@Bb�aUVcGdF#FH[KFHGBV��UQ+IK`Za � L ,#`ZaUE efADFOL
GdVBL�QD@W`ZaUQDJ+A+G*(�Q+`ZI L gm

@WF��BL#JDI ��FZVWFZQnGdF�JDF�,HFZVWa�F�L#@BITGBAML�hZi�a#E#ADJDL#`ZaUE	bD[KF G L�E	FZQnGBF�� ! efADF
L�`HaUQnGdFZ`HF ��@WIKE	IK[KL�V L�a	k�ADI L#JDF�aUQ+JML�@�E	FHG*��[KIK`Ha#`Za�QfS�FZQD`HIKaUQDL�[ �DE	aU@cGdVdL�JDaOQMLOX�IKkUA+VdL 6 � 6 9D�
aUQDJ+F_ADE bDIT@WG i�a �_J+FZ@B[Ta6`ZL�JDa FHE ADE L	`jLjS�IKJML�JDF_bML�VdL�E_ADJML�V a bML�J+Vdi�a�JDF_ITQfGBFZVc��FZV�&HQD`ZIKL
JDaY`jL�E	b a&FZ[TFHGBVBaUE�L�kUQ�� GdIT`ZaD�c.RaY`jL�@Wa_JDa&GdVdL�QD@BIT@WGda�V J+FRGda�`Za&efA)(�QnGdIT`ZaD�6L&GBFZQD@Bi�a_J+Fwb�aUVWGdL
L�GBAML	`HaUE	a	A+E bDIK@cG i�aOefADF_E_ADJMLOa�`HaUE�b+VBIKE	FZQnGBa�JDa�GBa6`HaD� � @cGda�L�[TGBFZVBL�LOb FHQDFHGBVdL�hZi�a	JDa
FZ[��HGBVBaUQ J+FZQnGdVWa JDa GBa6`Ha F_b�aUVWGdL�QnGda�a bML�JDVBi�a JDFYIKQnGdFHVW��FHV�&ZQ+`ZI L6� ! `ZaUE	bDVWIKE	FZQnGda	FH��F GdITS�a
JDatGda�`Za Lef

VBFHbDVBFH@BFHQfGdL�L1S�L�VWI L�hZi�atJDa `HaUE	bDVBITE�FHQfGBa1FH��FHGBITS�a�`Za�E LtGdFHQD@di�a L�bD[TIK`ZL�JML1L
b�aUVWGdL+� ! `HaUE�b+VBIKE	FZQnGBawJDawGBa6`HawbML�VdLwa efAML�[6aU@�FH��FZI GdaU@ efA)(�QnGdIT`ZaU@^GdaUVWQML�E � @BF IKE	b�aUVWGdL�QnGdFZ@
GdFHE ADE�L	k�VdL�QDJ+F&J+FZb�FZQDJ�&HQD`ZIKL	JDLOGBFZE	b FHVdL�GBADVdLOF�JDa�E�L�GBFZVBIKL�[*A+@dL�JDa+� � E ADE E�L�GBFZVBIKL�[
@BFHE�IT`ZaUQ+JDA+Gda�V_AD[ GdVdLK� bDADVWa�F1N GBFZE	b FHVdL�GBADVdL�@#JDa 
 �H[KITa [KITe�A+IKJDa�<
9D� � 	 >&F L�CML�I �+a+� FH��FHITGda�@



�L9

`Za�FZVWFZQnGdFH@R@Bi�a	aUCD@BFHVWS�L�JDa�@ bDL�VdL�JDITE�FHQD@�%�FZ@gJML�aUVWJDFZE J+F 1µm 
 ��� � �

Pistão

X�ITkUADVdL 6 � 6 9�" ��ADI L JDF1aUQ+JML�@�`Za�QfS�FZQD`HIKaUQDL�[ � ! bML�JDVBi�a�JDF�IKQnGBFZVW��FHV�&HQD`ZIKL�E_ADJML�`ZaUE L
b�aU@BIThji�aOJDaObDIT@WG i�aD�

Y `HaUQDJDA6G*(�QD`HI L+� G �qJDa1GdVdL�QD@BIT@WGda�V�JDF�Gda�`Za1efA)(�QnGdIT`Za L�bDVBFH@BFHQfGdL ADE�`HaUE	b aUVcG L�E	FZQnGBa
aU@W`ZIK[KL�G,��VBIKa `ZaUE�L�S�L�VBIKL�hji�a�JDa b�a�GBFZQD`HI L�[ VP

L�bD[KIT`jL�J+a1L�a�Gda�`ZaD�qaUA�@BF(�BL+�^FHE ��ADQDhZi�atJDa
`Za�E�bDVWIKE	FZQnGda F ��FHGBITSUa Lef

� ] aUVWGdL�QnGdaD� a `ZL�QML�[�b�a6J+F�@BFZVtL�C�FZVcGda aUA(��FZ` 
 L�JDaD� ! E�	M�
QDITE�a J+F G ��ADE�L VWF �MF �Di�atVWFZ@W@BaUQML�QfGBFOaUA�L�QnGdIKVWFZ@W@BaUQ)(�QD`ZIKL F�ADE E �h�6IKE	a J+F G ��ADE�L
GdVBL�QD@WE�IT@B@di�a VBFH@B@Ba�QML�QnGdFtaUA @BITE�b+[KFZ@WE�FHQnGdF VWFZ@B@WaUQ)(�Q+`ZI L 
 �L9 � � ! @ ,HFZVWaU@�JDF GdVBL�QD@WE�IT@B@di�a
a�`ZaUVWVBFZE efAML�QDJDa Lef

@dL�GBIK@W� L ,1L�VWFZ[KL�hji�a+� kLef = nπ � aUQ+JDF k ��a�SUF GdaUVOJDF1aUQ+JML�J+aU@
FZ[��HGBVBaUQD@ IKQD`HIKJDFHQnGdFZ@H�DFwa�@.E �R�+ITE�a�@ efAML�QDJDa kLef = (n+ 1

2
)π � � @WGBF JDIT@Bb�aU@BI GdITS�aYGBFZE @BITJDa

� L�CDVWIK`ZL�JDa�FZE 
 F GdFHVBa��WADQ+h#%�FZ@.JDF ��L Y @'� Y [ �&L Y @Z�nA+GBIK[TI+,jL�QDJDa5� @BF�L�G,�Z`HQDIK`ZL&J+FRFHbDITGdLh�6I L�b a�V
��FZI �6F&E	aU[TFZ`ZA+[ L�V < �$# � > 
 �57 � �

! `HaUQ �MQML�E�FHQfGBa�[ L�GBFZVBL�[ J+aU@�FZ[��HGdVWaUQD@ � L , `ZaUE L�b�FZQML�@�Q 	TSUFHIK@.J+IK@B`HVBF GdaU@�JDFwFZQDFHVBkUIKL#aUA
E	a6JDa�@ @BF(�BL�E b FHVBE	ITGdITJDaU@H� ! Q �DE�FHVBa�JDFwE�a�JDaU@ GdVdL�QD@WS�FZVB@WaU@
� JML�JDa�b FH[ L � efAML�hji�a 6 � 6 9D�
"6F�E�L�IK@ JDF�ADE E	a6JDa @BF�bDVWaUbML�knL�b FH[Ka JDIT@Bb�aU@BI GdI SUaD��`jL�JDL1E	a�JDa�GBFZV'� A+E `Za�E�bDVWIKE	FZQnGda
JDI ��FZVBFHQnGdF�JDF�b�FZQDF GdVBL�hji�a�Q+aOGBa6`Ha�F `Za�E�a�`HaUQD@BFHe /�&ZQD`HI LOa�JDIK@Wb a�@BITGBITS�a#IKV��#L�bDVWFZ@BFHQnG L�VgADE
bML�J+Vdi�aYJDF IKQnGBFZVW��FHV�&HQD`ZIKLYFZVWV'��GBIK`HaD�x]^a�VWG L�QfGBaD��bML�VdLYFHS�ITGdL�V FH@B@WF�`ZaUE	b a�VWG L�E�FHQfGBa_LYFZQDFHVBkUIKL
IKQ+`ZIKJ+FZQnGdF�� E �=JDFHS�F FH@WG L�V�QML�� L�I �+L E1 ≤ E < E2

� a�QDJDF E1
F E2

@di�a�L�@#FHQDFZVWkUI L�@�JDa
bDVWIKE	FZIKVWaYFRJDa#@WFZkUADQ+JDa�E�a�JDaU@H�6VWFZ@Wb FH`HGdI S�L�E�FHQnGdF�� Y FZQDFHVBkUIKLYJDa n �(�H@BIKE	a_E	a�JDa_b�a6J+Fw@BFHV
FZ@cGdITE L�JDL+�^A6GdIK[TI+,ZL�QDJDa L�L�b+VBa �6IKE�L�hji�atJML�bDL�VWG�	K`ZA+[ L1QML�`jL�I �+L JDF�b a�GdFZQ+`ZI L�[ ITQ �MQDI GdaD� FZE
`Za�Q��WADQnGda	`ZaUE L	L�bDVBa �6IKE�L�hji�a�JML�E L�@W@dLOFH��F GdITS�L+�

En =
n2π2

W 2

~
2

2m∗

< 6 � ��� >
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! FZ[�� GdVWaUQ�b�a6J+FY@WFZkUADITV S ��VWIKaU@g`ZL�E�ITQ 
 aU@ JDI ��FZVBFHQnGdFZ@RefAML�QDJDa @BF_b+VBaUbML�knL	b�FZ[Ta JDIT@Bb�aU@��
ITGBITS�aD� ! GBFZE	b a1JDF�GdV�(�QD@WITGda ttr b�a6JDFO@WFZV�JDF �DQDIKJDat`Za�E�a1a�GdFHE�b�a1QDFZ`HFZ@B@���VBITa�bML�VdL�efADF
ADE�FH[��HGBVBaUQ�b�FZVB`HaUVBVBLta1Gda�`ZatJDF	IKJML�FOSUaU[ G L+� � @WGBF �	atGBFZE	b a1E�	KQDITE�a Q+FZ`ZFH@B@���VBITa�bML�VBL
efADFOL `HaUVBVWFZQnGdF�@WFOL�JML�b+GBF�L ADE QDa�SUa S�L�[TaUVwJDa `ZaUE	bDVBITE�FHQnGda F ��FHGdI SUa J+a Gda�`ZaD�8� FZE	b a�@
JDF�GdV�(�QD@BI GdaO`ZA+VWGda�@Z��b a�VWG L�QfGBa	L�[TGdL�@.��VBFHe�/$&ZQD`HI L�@ JDF&`ZaUVcGdF��Mb�a�JDFZE @WFZV aUC+GBIKJDaU@g`HaUE Gda�`Za�@
`ZA+VWGda�@�F�JDFZQD@WIKJML�JDF�JDF�b�aUVWGdL�JDaUVWFZ@ ns

L�[TGdL�@Z�6b a�IK@ ttr = 2Lef/vF
�DaUQDJ+F vF = ~πnsW/m∗

�&L#SUFZ[Ta6`HIKJML�JDF�JDF&XMFZVBE	I9JDa�@ b�aUVcG L�JDa�VBFZ@H�
Y E �h�6ITE L J+IT��FZVWFZQDhZLtJ+F�`jL�E	IKQ 
 a�FZQnGdVWF�aU@�b�aU@W@�	TS�FZIT@&`ZL�E	IKQ 
 a�@�e�A+F	a1FH[��HGBVBaUQ�b�a6J+F

@BFHkUADITVtQ+a�JDIT@Bb�aU@BI GdITS�a � L�bDVBa �6IKE�L�JML�E	FZQnGBF 2Ltoco
� ]^a�VWG L�QfGBa a Q �DE	FZVBa JDF�E�	TQDIKE	aU@

FZ@Wb FHVdL�J+a�QDaObML�JDVdi�a�J+F&ITQnGdFZVc��FZV�&ZQD`HI L � m+ 1 �+aUQDJDF m ��a	E�L�ITaUV ITQfGBFZITVBa#efADF&@dL�GBIK@c� L ,�L
JDFH@BIKk�AML�[KJDL�JDF�L�CML�I �6aD�

Ltoco ≥ (m+
1

4
)λF

< 6 � �U� >

]^a�V F �6FZE	bD[KaD�+bML�VdL Ltoco = 30nm F λF = 20nm �DGdFHE�a�@ m + 1 = 2 �

���	�
��� � � :�8D?=4 TR3c4 �Y? 4�3 :63 �=?=4 p 7\46?=4�| ��� 35| ? 4

! @gJDIK@Wb aU@WITGBITSUa�@.efA)(�QnGdIT`ZaU@gJDF�IKQnGBFZVW��FHV�&HQD`ZIKLOA+@dL�E LOefAML�QnGdI ,jL�hZi�aOJDF�FZ@cG L�JDa�@gGBVdL�Q+@WSUFHVB@BL�[
N�JDIKVWFZhji�a&J+F b+VBaUbML�knL�hji�aD�fJDIK@Wb aU@WITGBITSUa�@ efADFRA+@dL�E L�efAML�QnGdI ,jL�hZi�a�JDFRFH@WGdL�JDaU@ [KaUQ+kUITGBADJDIKQDL�[
G L�E#C �HE @Bi�a�b�aU@W@�	TS�FZIT@Z� �wFZQnGBVBF&FZ[KFH@Z�Db�a�JDF � @BF�`ZI G L�V-"

• � VdL�QD@BIT@WGda�V�JDF�GdADQDFH[ L�E	FZQnGBa	VWFZ@W@BaUQML�QfGBF �

• � VdL�QD@BIT@WGda�V�JDF�FZ[�� GdVWaUQ1@BaU[TITG*��VBIKa �

" �	� ��� 8
����� � 
 5 �	���!5&% � � 5������ � 5���� ��� � ��� 5

! GBVdL�Q+@BIK@cGdaUV�J+FOGBADQDFH[ L�E	FZQnGda1VWFZ@B@WaUQML�QnGBF 
 ��@ � `HaUQD@WIK@WGBF�J+F	J+AML�@�CML�VWVBFZITVdL�@�J+F	b�a�GBFZQD`HI L�[
bDV � �6ITE L�@H�MIKQnGdFHVBVWaUE�b�FZQ+JDaOa �MA#�+a	JDF&b a�VWG L�JDaUVBFH@Z� PRE b�a6hHaOJDFYb�a�GBFZQD`HI L�[\ITV'��@BF���aUVBE�L�V
FZQnGBVBFOFZ[KL�@Z� "6FOa L � L�@WGdL�E�FHQnGda�FZQnGBVBF	L�@�CML�VWVBFHIKVdL�@w��aUV�@BA �M`ZITFZQnGdFHE�FHQfGBFOb FHe�A+FZQDaD�^L�b�FZQML�@
FZ@cG L�J+aU@gJDF�FZQDFHVBkUIKL#JDIK@W`ZVWFHGda�@�FZ@WGdL�Vdi�a	b+VBFZ@WFZQnGdFH@Z�6"6F�FZ[��HGBVBaUQD@�ITQD`ZITJDFZQnGBFZ@.GdI SUFHVBFZE FZQDFHVBkUIKL
IKk�AML�[fLRA+E JDFZ@cGdFZ@�FZ@WGdL�JDaU@H�nLRb+VBaUCML�CDIK[TIKJML�J+FxJDF GBVdL�Q+@BE	IK@B@Bi�a IKV'� L�ADE	FZQnGdL�VZ� Y JDIK`HIKaUQML�QDJDa5�
@BF�ADE GBFZVWE�ITQML�[gJDF `HaUQnGdVBa�[KF <�b a�VWG L5>ObML�VdL�E#A+JML�V a b�a�GBFZQD`HI L�[gQDa `HFZQnGdVWa JDa b�a6hHaD�gL
bDVWaUCML�CDIT[KITJML�JDF^JDFxGdADQDFH[ L�E	FZQnGBa�b a�JDF=@BFHV^L�[TGdFHVdL�JDL+��aUA�@BF(�BL+��L�`HaUVBVWFZQnGdF L�GBVdLjSD�H@^JML�CML�VBVBFHIKVBL
JDADb+[ L�b a�JDF�@WFZV `ZaUQnGdVWaU[ L�JML+�
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" �	� ��� 8
����� � 
 5 5�% D � � ��� � ��% 8�� �,� 8/�

! GdADQDFH[ L�E	FZQnGBa FZ[TFHGdV �UQDIT`Za FgLwITQnGdFZVBL�hji�a�`ZaU[TaUE#CDIKL�QMLgFZ[�� GdVWaUQ � FH[�� GdVBa�Q#@di�a�J+aUIK@���FHQ��UE	FZQDa�@
AD@BL�JDaU@ b�FZ[TaRGBVdL�QD@WIK@cGdaUV JDF.FH[��HGBVBaUQ_@BaU[TITG*��VBIKa 
 �586����B � � ! GBADQDFZ[KL�E	FZQnGdaRJDF ADE �DQDIT`ZaRFZ[�� GdVWaUQ
� a�CD@BFHVWS�L�JDa FHE FH@WGBVBA+GBADVdL�@�JDF CML�VBVBFHIKVBLRJDADb+[ LR`HaUE ADE�LRb�FZefADFZQDL���VBFZLRJDF.@WFZhZi�awGdVBL�QD@cSUFZV��
@dL�[ � "6F1L�`jL�bDL�`ZI G*(�QD`HI L�JDL FZ@WGBVBA+GBADVdL C ��aUV#b�FZefADFZQDL�a�@WA �M`ZITFZQnGdF1JDF GdL�[ ��a�VBE�L�efADF1L
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aU@gJDIT@Bb�aU@BI GdITS�aU@.E	FZ@WaU@B` �UbDIK`HaU@gF&L�@�G,�Z`HQDIK`ZL�@gJDF�@BITE#AD[ L�hji�a#FHQD`Za�QfGBVdL�JDL�@RQDLO[TITGBFZVdL GdADVBL+�

) �$+=- �	��%
� = ��aUQDJDF&�.L�C�aUVWJML�JMLRLRG,�H`ZQDIT`jLRJDLR��ADQDhZi�a JDF ��VWFZFZQ*�Ua 
 L�E�IT[TGda�QDI L�Q+a I GdITk 
 G �
CDITQDJDIKQ+kLK F�a	L�[TkUaUVBI GdE	a_JDFY��L�` 	 IKQDQ+aUQ9�

) �$+=- �	��%
� A � a�QDJDF ��L�b+VBFZ@WFZQnG L�JDa L ITQnGdFZVc� L�`ZF1JDFtFZQnGBVdL�JML�JDa�b+VBaUkUVBL�E�L�J+F @WIKE#A �
[ L�hji�aD��� Q+IK`ZIKL�QDJDatb�aUVYA+E L1V'��b+IKJMLtL�C�aUVBJML�kUFZE�JDa ��aUVBE�L�Gda #�� ] F�[KaUk�a FHE @WFZkUA+IKJML �
L�bDVWFZ@WFZQnG L�J+a aObDVBa�kUVdL�E�L#FZ@W`ZVWITGdaObML�VdL�`ZaUQnS�FZVWGBFZVRJDa���aUVBE�L�Gda #.��]�bML�VBL�E L�GBVBI ,��



���

) �$+=- �	��%
� � �^GBFZE � @WF�aU@YbDVBITQD`ZITbML�IT@�VBFZ@WAD[TGdL�JDaU@YJML @WIKE#A+[ L�hZi�a J+a GdVBL�QD@WIK@WGBaUV&JDF	GBa6`Ha
efA)(�QnGdIT`ZaD�

) �$+=- �	��%
� � �+GBFZE � @BF L�@.`Za�QD`Z[TAD@�%�FZ@�F�bDVWaUb�aU@WGdL�@.bML�VBL�L#`ZaUQnGBIKQfAML�hZi�a�JDFZ@W@BF�GdVBL�CML�[ 
 aD�
.Ra �ME JDFH@WGBF&GBVdL�CML�[ 
 aD�6@di�a	IKQ+`Z[KA 	KJDaU@ aU@ L�b�&ZQDJDIT`ZFH@Z�
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]�L�VdLY@WIKE	bD[KIM�M`jL�VxLYL�Q)��[KIT@BF���@WFZV��_L�@W@BADE	IKJDa&efADF a_b�a�GdFHQD`ZIKL�[MJDFZQnGBVBa_J+a_JDIT@Bb�aU@BI GdITS�a��RITkUAML�[
L ,ZFHVBa F efADF�L�@ ��VWaUQnGdFHIKVdL�@ JDa E	FZ@BE	a @di�a [KIKE	ITGdL�JML�@Ob�aUV CML�VBVBFHIKVBL�@ b�a�GdFHQD`ZIKL�IK@ L�[TGdL�@Z�
� FH@BE	a `HaUE FZ@cG L�@&`Za�QDJDIKh-%6FH@�JDFO��VBaUQnGdFHIKVBL @BIKE	bD[TI��M`ZL�JML�@H�\LtQDL�GdADVWF#,ZLtCDITJDIKE	FZQ+@BIKa�QML�[ JDa
JDIT@Bb�aU@BI GdITS�at� L ,�`HaUE e�A+F a�b+VBaUCD[TFZE�LtJ+F FZQ+`ZaUQnGdVBL�V#LtbDVBa�CML�CDIT[KIKJDL�JDF#Gda�G L�[=JDF	GdVdL�QD@BE	IM�
@B@Bi�aD� T �MJDa FH[��HGBVBaUQ L�GBVdLjSD�H@wJDa�JDIK@Wb aU@WITGBITSUa+�M@BF��BL�L�QML�[TITGBIK`jL�E�FHQfGBF IKQnGBVdL�G'��S�FZ[ �.]�L�VdL�a�C+GdFHV
LO`ZaUQDJ+A+G*(�Q+`ZI L�JDa	JDIT@Bb�aU@BI GdITS�aOAD@dL�Q+JDa L��B�UVWE#AD[ L#J+F �qL�QDJDL�ADFZV�� # /6GBGdI���FHVZ� � efAML�hji�a 6 � 6 76�
�wQ+FZ`ZFH@B@���VBITa#FZQnG i�a_AD@BL�V ADE E��HGBa6JDa&QfADE��ZVBIT`ZaYbML�VdL&VBFH@BaU[ SUFZV LYFHe�ADL�hji�a_JDF8"6` 
 V���JDIKQDk�FZVZ�
]�L�VdL IK@B@WaD��L kUFZa�E�F GdVBIKL JDa�J+IK@Bb�aU@WITGdI SUa GBFZE efADF�@BFZVtJDFH@B`ZVWITGdL AD@BL�QDJDa�� @BF�ADE E	a6J+FZ[Ka
bML�VBL a 
 L�E�IT[TGda�QDI L�Q+aD�Db�aUVwF �+FHE�b+[KaD� a 
 L�E	IK[ GdaUQDIKL�QDa�JDF#L�`ZaUb+[ L�E	FZQnGda�JDF#`HADVWGBa�L�[K`ZL�QD`HF
aUA b+VBIKE	FZITVBaU@#S�I ,ZIKQ 
 aU@ I GdITk 
 G � C+IKQDJDITQDkLKd� ]�L�VdL�ITE�bD[TFZE	FZQnG L�V�FZ@WGBF E	a6JDFH[KaD� L FH@WGdVWA+GdA+VdL
E	aU@WGBVdL�JML�QML�X�ITkUADVdL 6 � 6 � �1bDVWFZFZQ+` 
 IKJML�`ZaUE ADEmbML�V�(�E�F GdVWa�JDF VWFZJDF1@WA �M`ZITFZQnGdFHE�FHQnGdF
JDFHQD@Ba J+F_b�FZVBITaUJDIT`ZIKJDL�JDF a � Y b�FZ@BL�VwJ+FY@WFZVwA+E E	a�JDFZ[Ta	J+IK@B`HVBF GdaD��a E	a�S�IKE	FZQnGda	`ZaUQnG�	KQfADa
b�a6JDF=@WFZVq@BITE#AD[ L�JDa�`ZaUE aRE	a6J+FZ[Ka I GdITk 
 G � C+IKQDJDITQDkLK JDa 
 L�E	IK[ GdaUQ+I L�QDa+�ZefAML�QDJ+awagbML�V�(�E�F GdVWa
JDF�VBFZJ+F�� a ��� C�FZE E�FHQDaUV&efADF�GBa6JML�@#L�@&aUA+GBVdL�@YJDIKE	FZQD@�%6FH@YJ+a�bDVWaUCD[KFHE L6�1]=VWa6`HFZJDFHQDJDa
JDFH@WG L���aUVBE�L+� b a�JDFG� @BF1VBL ,ZanLjS�FZ[KE	FZQnGBF FH@Bb�FZVdL�V�JDFH@B`HVBFHS�FZV `HaUVBVWFHGdL�E�FHQnGdF L�JDITQ)(�E	IK`ZL JDa
`Za�QfG�	KQfADaD�Ma�A @WF��BL+��aO[KITE�I GdFRGBFZVWE�a�JDIKQ�(�E�IT`ZaD� �wFYb�aU@W@BF�JDa 
 L�E	IK[TGBaUQDIKL�QDa_J+a�JDIT@Bb�aU@BI GdI SUaD�
H ��L�FZefAML�hZi�a_JDF "6` 
 V �6J+IKQDkUFHV&� VBFH@BaU[ S�IKJML�A+GBIK[KI ,jL�Q+JDa�aYE��HGBa6JDa�JML���ADQDhZi�aYJ+F ��VBFHFZQ�
 � 76�
�5@ � �\I � F�� �qL�FZefAML�hZi�a L1@WFZV�VBFH@BaU[ S�IKJML GdFHE L ��aUVWE L (EI − H)G = I �\a�QDJDF I �	L�E�L�GdVWI+,
IKJ+FZQnGdITJML�JDF�F G �_LO��ADQDhji�a JDFH��VWFZFHQ9�g]�L�VBL�@WIKE#AD[KL�h#%�FZ@�J+F_IKQnGBFZVBFH@B@WF_bDV���GdIT`Za�L	ITQfS�FZVW@di�a
JML�E L GdVBI , (EI − H) VWFZefADFZV	kUVBL�QDJDFH@	efAML�QfGBIKJML�JDFZ@OJDF1E	FZE��UVBIKL�F1kUVdL�Q+JDF1`jL�bML�`ZIKJDL�JDF
bDVWa6`HFZ@B@BL�E	FZQnGdaD� ]�L�VBL�`Za�QfGBaUVBQDL�V FH@WGdF�bDVBaUC+[KFZE�L�AD@dL�� @BF ADE E��HGBa6J+a I GdFZVBL�GdI SUa bML�VdL�a
`.��[K`ZA+[Ka&JML&��ADQ+hji�aYJDF8��VBFHFZQ 
 � 8 � � .RFH@WGBF `jL�b 	TGdA+[Ka�@BFHVdi�a�L�C aUVWJML�JDa�@#" L�G,�H`ZQDIT`jL_JML���ADQDhZi�a

�U�



� 6

JDF ��VBFZFHQ9�Ma 
 L�E	IK[ GdaUQDIKL�QDaJI GdITk 
 G � CDIKQDJ+IKQDkLK F�a	L�[TkUaUVBI GdE	a_JDFY��L�` ��ITQDQDaUQ*�

� �
� � � ��	1,.- � ��� ��
�� � 	

� aUE L�G,�Z`HQDIK`ZL JMLtE L GdVBI ,OFZ@BbDL�[ 
 L�E�FHQfGBaD� b a�JDF � @BF	`jL�[T`ZAD[KL�V&L VWFZ@Bb�aU@cG L J+F ADE kUADIKL�JDF
aUQDJDL�@Z� JDFHS�ITJDa�L�F �+`HITGdL�hji�a�FHE aUA+GBVBa�kUADIKL�JDF�aUQDJML�@Z� `HaUE	a�E�aU@cGdVBL�JDa�QML�X�IKk�ADVdL���� 6 �
Y ��A+QDhji�a�JDF ��VBFZFHQ 
 �+����B+����� � ��ADE `ZaUQD`HFZI Gda E�L�IK@�b�a6J+FZVBa�@BaD� b�aUIT@Y`HaUE FH@B@BL�G,�Z`HQDIK`ZL
b�a6JDFG� @WF `ZL�[K`HAD[ L�VxL�VBFZ@Wb a�@WG L&FZE efAML�[KefADFZV=b�aUQnGda < JDFHQnGdVBa&aUA���aUVBL�J+aYJDIT@Bb�aU@BI GdI SUa > �UJDFHS�ITJDa
L�F��6`ZI G L�hZi�a�FZE efAML�[TefADFZVOaUA+GBVBa�b a�QfGBaD� ]�L�VdL�a�GBVdL�QD@Wb a�VWGdF1@WFZE ITQfGBFZVBL�hji�a+� L�@ �DQ+IK`jL�@
F��6`HITG L�h#%�FZ@ e�A+F&GBFZE	aU@ge�A+FYQDa�@RbDVWFZa�`ZADbDL�Vg@di�a�L�efADFZ[KL�@gJDFHS�ITJML�@RN�@gaUQDJML�@ IKQ+`ZIKJ+FZQnGdFH@RQDa�@
kUADIKL�@Z� ]�L�VBL�G L�IK@OF��6`ZI G L�h-%6FH@Z��L���ADQDhZi�a�JDF ��VBFZFHQ F L E�L�GdVWI+,�FZ@WbML�[ 
 L�E	FZQnGda�@di�a `ZaUQ��
`ZFHITGBaU@�VWFZ[KL�`ZITaUQML�JDa�@	b�FZ[KL�@OVBFH[ L�h-%6FH@�JDF X�IT@ 
 FHV�� �\FHF 
 9n� � �(]^aUVcG L�QnGBaD�.JDa b aUQnGBa�JDF1S�IK@WGdL
`Za�QD`ZFHITGdADL�[ � L FH@B`HaU[ 
 L1FZQnGBVBF A+E�E�� Gda�JDa1F�aUA6GdVBa �	ADE L1efADFZ@cG i�a JDF	kUaU@WGBaD� ! E��HGBa6J+a
JDF ��VBFZFHQ9� b aUV �ZEt� L�bDVBFH@BFHQfGdL ADE `ZAD@cGda�`ZaUE	bDA+GdL�`ZITaUQML�[ E�FHQDaUVZ� efAML�QDJ+a @WF L�bD[KIT`jL ADE
E��HGda�JDa�ITGdFHVdL�GBITS�a bML�VBL a `#��[K`HAD[Ka�JML E	FZ@WE L+� ! SUFHVBJML�J+FZIKVWa�b a�JDFHVwJML���A+QDhji�a JDF ��VBFZFHQ
�M`ZL FHS�IKJDFHQnGdF�efAML�QDJ+a&@WF.IKQ+`Z[KA+I6aU@�FH��FZI GdaU@�JDF.IKQnGBFZVdL�hji�a�" FZ[��HGBVBaUQ � FZ[��HGdVWaUQ_a�A�FZ[�� GdVWaUQ � �B��QDaUQ9�
� @WGdL�@ IKQnGBFZVdL�h#%�FZ@�a�`Za�VBVBFHE JDFZQnGdVWa�JDa JDIT@Bb�aU@BI GdI SUa F QMi�awb a�JDFZE @WFZV JDFH@B`HVBITGdL�@�b�aUV^E L�GBVBI ,ZFZ@
JDF�FZ@WbML�[ 
 L�E	FZQnGdaD�

Dispositivo com
geometria arbitrária

Guia de ondas 1 Guia de ondas 2

Excitação  E Resposta R

X�ITkUADVBLO�6� 6 "U�wIK@Wb aU@WITGBITSUa�`HaUE kUFHaUE	FHGdVWI L�L�VWCDITGBV'��VWI L_FHQnGdVBF�JDa�IK@�kUADIKL�@�JDF�aUQDJDL+�

.wL�@O@BITE#AD[KL�h#%�FZ@#VWFH��FHVBFZQnGBFZ@ L�FZ@W@BF1G L�CDL�[ 
 a+� a�@	FH[�� GdVBa�QD@O@di�a�`ZaUQ+@BIKJ+FZVdL�JDaU@OIK@WaU[ L�J+aU@Z�
aUA�@BF(�BL+�4��L�@B@WADE	IKJDatefADF�F �6IK@WGBFZE b�aUAD`Za�@YFH[��HGBVBaUQ+@&Q+a�JDIT@Bb�aU@BI GdITS�aD�\JDFOG L�[x��aUVWE L�efADF	a
b�a�GdFHQD`ZIKL�[ �w`ZaUE	bD[KF G L�E	FZQnGBFwJDF GdFZVWE�ITQML�JDa_b FH[Ka#b�a�GdFHQD`ZIKL�[�JDF�`ZaUQ �MQML�E	FZQnGda�Fwb aUV b a�GdFZQ��
`ZIKL�IK@wF���GdFHVBQDaU@YL�bD[TIK`ZL�JDaU@�L�FH@WGdVWA+GdA+VdL+� � @WGBFZ@&b a�GBFZQD`HI L�IT@ @di�atJ+FHGdFHVBE	IKQML�JDaU@�b�FZ[ L�E�L�GdVWI+,

 L�E	IK[ GdaUQ+I L�QML&JDF�FZQnGdVBL�JML+�M`HaUE	a�@BFZV��OS�IT@WGdaOE�L�IK@gL�JDI L�QnGBF��



�n�

! `ZaUQ+`ZFZI Gda�JDF1��ADQDhji�a�JDF ��VWFZFHQ L�bML�VBFZ`HF FHE S ��VBITaU@�`ZaUQnGBF���GdaU@	�B	K@WIK`Za�@	ITQD`Z[TADIKQ+JDa�L
GdFHaUVBIKL_JDaU@�`HIKVW`ZADI GdaU@H�+L#FH[KFHGBVBaU@cG*��GBIK`ZL_F a�FZ[TFHGBVBaUE�L�kUQDF GdIT@BE	aD�4� a6JDL_SUF#,�efADF�L#VWFZ@Wb aU@cG L R
JDF�ADE @WIK@cGdFZE�L�@
��VBFH[ L�`HIKaUQDL�JML�L�ADE F �+`HITGdL�hji�a S b�aUV�ADE aUb FHVdL�J+aUV�JDIT��FHVBFHQD`ZIKL�[ Dop

DopR = S. < �6� 6 >

]^a�JDFG� @BF�JDF �MQDITV A+E L#��ADQDhZi�aOJDF ��VWFZFHQ F�F��6bDVWFZ@W@dL�VRL	VWFZ@Wb aU@cG LOJDaO@BIT@WGdFHE L�QML#��aUVWE L

R = D−1
op S = GS, < �6� ��>

aUQDJ+F G ≡ D−1
op
�*aUA D−1

op G = 1 � Y ��ADQDhZi�a�JDF ��VBFHFZQ �_L VBFH@Bb�aU@WGdL JDa @BIT@WGBFZE�L L���ADQ+hji�a
IKE	bDAD[T@Ba <�JDFZ[ G L#JDF��wITVdL�`�> �

! aUC �WFHGdI SUa �xaUC+GBFZVqL.��ADQDhZi�agJDF ��VBFZFHQ�bML�VdL.A+EoJDIK@Wb a�@BITGBITS�a.E�FH@BaU@W`=�Ub+IK`Za�J+F k�FZaUE	FHGBVBI L
L�VWCDITGBV'��VWI L+� #.L�@BIT`jL�E	FZQnGBF�����QDFH`ZFZ@W@'��VWIKa	VBFH@BaU[ SUFZV LOFZefAML�hZi�a	JDIT��FHVBFZQ+`ZI L�[\L�CML�I �6a�"

(E −Hop)G(r, r′) = δ(r − r′), < ��� � >

aUQDJ+F Hop
� a�a�b FHVdL�JDa�V 
 L�E	IK[TGBaUQDIKL�QDaD� PRE�L�L�C a�VBJML�k�FZE `ZaUE#A+E bML�VBL @BF VWFZ@Ba�[TSUFHV

FZefAML�h#%�FZ@�JDFH@WGdF GBIKb�aD��� JDIK@W`ZVWFHGdI ,jL�V L#`Za�aUVBJ+FZQML�JDL#FZ@BbDL�`ZIKL�[ J+F G L�[���aUVBE�LYefADF�L_��A+QDhji�a_JDF
��VBFZFHQtGBaUVBQDL�� @WF�ADE E�L�GdVWI+, "

G(r, r′) → (i|G|j), < �6�:9 >

aUQDJ+F a#bML�V i F j JDFHQDa�G L#A+E�b�aUQnGda#efAML�[KefADFZV FZE ADE�VWFHGBIK`ZA+[ L�JDaYJDIK@W`ZVWFHGda_CDIKJDITE�FHQD@WIKaUQML�[ �
� E a�A+GdVBL�@ bML�[KLjS6VBL�@Z�gFH@B`Za�[ 
 FG� @BF�ADE L VBFZb+VBFZ@WFZQnG L�hji�a JDF G FZE ADE�L�CML�@WF JDF���ADQ+h#%�FZ@
IKE	bDAD[T@BaD�xJ+IK@WGBVBITCDA�	KJDL�@#FZ@WbML�`HI L�[TE�FHQfGBF�FZE `ZL�JML�@�	 GdITa (i, j) � Y FZefAML�hji�a�JDIT��FHVBFHQD`ZIKL�[��6� �
Gda�E L#FHQfGdi�a�L���a�VBE�L#JDF�ADE L�FHe�ADL�hji�a	E�L�GdVWIK`ZIKL�[ �

(EI −H)G = I, < �6�;75>

aUQDJ+F I �OL�E L�GBVBI ,#IKJDFHQnGdIKJDL�JDF�F H �OL�VBFZb+VBFZ@WFZQnG L�hji�a E L�GBVBIT`ZI L�[^JDa1aUb�FZVBL�JDaUV 
 L�E	IK[TGBa5�
QDIKL�QDa Hop

� ]^a�JDF � @BF&`jL�[T`ZAD[KL�V.QfADE	FZVBIT`jL�E	FZQnGBF G IKQnSUFHVWGBFZQDJDa L	E�L�GBVBI+, (EI −H) � � FZ@cG L
FZQnGdi�a_@BL�C FHV `HaUE�a&aUC+GBFZV ADE�L&VWFZbDVWFZ@BFHQnG L�hZi�a#E�L�GdVWIK`ZIKL�[DJDa 
 L�E	IK[ GdaUQ+I L�QDa H `Za�QfS�FZQDITFZQnGdF��
Y E	FZ[ 
 aUV E�L�QDFZITVdL�J+F � L ,ZFHVtIT@B@Wa ��GBFZQnG L�V�JDFHGBFZVBE	IKQDL�V�L E L GdVBI , H FZE ADE�L JDIKE	FZQ �
@di�a F JDFHb aUIT@_aUC6G'& � [ LtbML�VdL J+AML�@#F	GdV�&H@#JDITE�FHQD@�%�FZ@H� .RFZ@W@BF GBVdL�CML�[ 
 a�L�b FHQML�@ ��AD@dL�JDa�a

 L�E	IK[ GdaUQ+I L�QDa�CDIKJDITE�FHQD@BITaUQML�[ �xb a�V��ZE ADE 
 L�E	IK[ GdaUQDIKL�QDa�GBVBITJDIKE	FZQD@WIKaUQDL�[ GdL�E#C#�ZE b�a6J+F
@BFHVgFZQD`HaUQnGdVdL�JDaD�



�U�

� ��� � 0��
% ��� *!� 	����
	��

Y JDIKQ�(�E�IT`jL_J+aU@gFZ[�� GdVWaUQD@�JDFHQfGBVBa	JDa	JDIK@Wb aU@WITGBITSUa ��kUa�S�FZVBQDL�JMLOb FH[Ka 
 L�E	IK[ GdaUQDIKL�QDa

Hop =
1

2m
(i~∇ + eA)2 + U(r). < �6�A@ >

.RFH@B@WF_GdVBL�CML�[ 
 aD�M`Za�QD@BITJDFZVBL�� @WF_a�S�FHGBaUVwb�a�GdFHQD`ZIKL�[qIKkUADL�[qL ,HFZVBa < A = 0 >�J+FYG L�[q��a�VBE�L	efADF
L�b�FZQML�@ a b�a�GdFHQD`ZIKL�[qFZ[KF GdVWaU@WG'��GdIT`Za U(r) IKV'�	JDFHGBFZVWE�ITQML�VRL JDIKQ�(�E�IT`jLOJDaU@ FH[�� GdVBa�QD@Z�s. FZ@cGdF
b�a�GdFHQD`ZIKL�[ FZ@cG*�tFZE#CDA6GdIKJ+ata1b�a�GdFHQD`ZIKL�[ JDF	`Za�Q �MQML�E	FZQnGBa FH[KFHGBV��UQ+IK`Za+�\IK@WGBa ��� Ltk�FZaUE	FHGBVBI L
JDa1JDIT@Bb�aU@BI GdITS�aD�9F�ADE b a�GdFZQ+`ZI L�[ F���GdFHVBQDa1efADFOb�a6JDF�@WFZV�FHS�FZQnGdADL�[KE	FZQnGdF	L�b+[KIK`ZL�JDa�L�atJ+IK@��
b�aU@BI GdITS�aD� � aUE	a Q+a�E��HGBa6J+a�A6GdIK[TI+,ZL�JDaD�=L�@W@BADE	F � @BFtefADF QDi�a 
 ��ITQnGdFZVBL�hji�aD� L�`Z[KL�@B@WF1JDF
JDIT@Bb�aU@BI GdITS�aU@�L�J+FZefAML�JML1bML�VBL @BITE#AD[ L�hji�a @Bi�a1aU@�JDIT@Bb�aU@BI GdITS�aU@ efA)(�QnGBIK`Za�@&J+F�IKQnGdFHVW��FZV�&ZQD`HI L+�
b�aUIK@ a bDVWIKQD`HIKbDITaOJDFY��ADQ+`ZIKa�QML�E	FZQnGda�JDaU@wE	FZ@WE�a�@RJDFHb FHQDJDFHE L�b�FZQDL�@wJDa�`ZaUQ �MQML�E	FZQnGda F
JDF�ADE b�a�GdFHQD`ZIKL�[6F ��GdFZVWQDa&L�bD[TIK`jL�JDaD���wIK@Wb aU@WITGBITSUa�@�efA)(�QnGdIT`ZaU@xJ+F.IKQnGdFHVW��FHV�&ZQ+`ZI L `HaUE kUFZaUE	F �
GdVWI L�@�E�L�IK@�`HaUE	bD[KF �DL�@Z�q`ZaUE	ata ��L�` 
 � 
*F 
 QDJDFHV_FOa L�`HaUbD[KL�JDaUV�JDITVBFH`ZIKa�QML�[ efA)(�QnGBIK`Za+�^@Bi�a
E�L�IK@�JDI �B	K`HFZIK@�J+F�@WIKE#AD[KL�V FO� L�CDVWIK`jL�VZ�qb a�IK@8�	E L�IT@�JDIT�B	T`ZIT[�JDF�LK�WAD@cG L�V&L�@&@BAML�@YkUFHaUE	FHGdVWI L�@
bML�VBL a @BFZA�`ZaUVWVBFHGBa ��ADQ+`ZIKa�QML�E	FZQnGdaD� ! GBVdL�Q+@BIK@cGdaUV&JDF	Gda�`Zate�A�(�QnGdIK`HaD��Q+a FZQnG L�QfGBaD��b�aU@��
@BA+IxADE L k�FZaUE	FHGBVBI L�FZE T @BITE�bD[TFZ@ efADF �#� ��`HIK[^JDFOVBFZb+VBa�JDA�,ZITVZ� � aUE�a1L�@&`ZL�VdL�`HGdFHV�	T@WGdIT`jL�@
JDF�ADE JDIT@Bb�aU@BI GdITS�a E	FZ@Ba�@B`=��bDIK`Ha�JDFZb�FZQDJ+FZE ��aUVcGdFHE�FHQfGBF#JDF�@WAML kUFZa�E�F GdVBIKL+�9L k�FZaUE	FHGBVBI L
@BITE�b+[KFZ@�J+a	GBVdL�QD@WIK@cGdaUV�JDF�Gda�`ZaOefA)(�QnGBIK`Za��&ADE b�aU@B@ 	TSUFH[\� L�GdaUV�bDL�VdLO`ZaU[Ta6`#��� [Ta#FZE b�aU@WIKhji�a
JDF�JDFH@WG L�e�A+FYFHQfGBVBF&aU@�aUA+GBVBaU@gJDIT@Bb�aU@BI GdI SUaU@�efA)(�QnGBIK`Za�@ J+F&ITQnGdFZVc��FZV�&ZQD`HI L+�

��� ����� � vR; p 35z :6?=sw35;=sw?��U:635u v :���� 35s TR3csRu�� �wsR3�Tw3cp 7\sw4�35? sR;=z

]�L�VdL�ADE�L.JDIKE	FZQD@Bi�a.Fx`HaUQD@BITJDFZVBL�QDJDaga�SUF GdaUV\b�a�GBFZQD`HI L�[�IKkUAML�[UL ,ZFHVBa*< A = 0 > � L � efAML�hZi�aR�6�;@
Gda�E L�L���aUVBE�L$"

Hop =
−~

2

2m

d2

dx2
+ U(x), < �6� 8�>

j=  -3     -2    -1    0       1     2      3

x

..........

X�ITkUADVBLO�6� ��"=PRE�LO`ZL�JDFHI L�IKQ �DQDITGdL#JDIK@W`ZVBF GdI ,jL�JML�FHE ADE VWFHGdIT`ZAD[KL�JDa�ADQ+IKJDITE�FHQD@BITaUQML�[ �



��9

�wIK@W`ZVBF GdI ,jL�QDJ+a5� @WF a�FH@BbML�hHa�FHE ADE�L�`jL�JDFHI L�ADQDITJDIKE	FZQ+@BIKa�QML�[ ��`HaUE�a(E	aU@WGBVdL�J+a�QML
X�ITkUADVdLO��� �6�+FYL�bD[KIT`jL�QDJ+a�FZ@WGBF�aUb FHVdL�J+aUV�QML���ADQDhji�a	J+FYaUQ+JML ψ �DGBFZE � @BF

[Hopψ]j =

[
−~

2

2m

d2ψ

dx2

]

x=ja

+ Ujψj,
< ���;B >

aUQDJ+F ψj → ψ(x = ja) F Uj → U(x = ja) � Y @B@WADE	IKQDJDa1efADF a �Ob�FZefADFHQDaD� L�JDFZVWITS�L�JML
bDVWIKE	FZIKVBL_b�a6JDF�@WFZV L�bDVWa �6ITE L�JDL#`ZaUE	a

[
dΨ

dx

]

x=(j+ 1

2
)a

'
1

a
[ψj+1 − ψj] ,

< ��� � >

JDF���aUVWE L#@WIKE	IK[ L�V LOJDFZVWITS�L�JML#@WFZkUA+QDJML�b�a�JDF�@BFHV FH@B`HVBITGdL	QDL���a�VBE�L
(
d2Ψ

dx2

)

x=ja

'
1

a

{[
dΨ

dx

]

(j+ 1

2
)a

−

[
dΨ

dx

]

(j− 1

2
)a

}
=

1

a2
(ψj+1 − 2ψj + ψj−1) .

< �6� 6 � >

�qa�kUaOL � efAML�hZi�a �6� 8 ��FZ@W`ZVWITG L�`HaUE�aO@WFZkUADF "

[Hopψ]x=ja = (Uj + 2t)ψj − tψj−1 − tψj+1,
< �6� 656 >

aUQDJ+F&aObML�V'(�E	FHGBVBa t ��JML�JDa�b�aUV
t =

~
2

2ma2
. < �6� 6 �5>

Y � efAML�hji�a �6� 6�6 L�`ZITE L#b�a6J+F&@WFZVgIKQnGBFZVBb+VBFHGdL�JML�`Za�E�a

[Hopψ]x=ja =
∑

i

H(i, j)ψi,
< �6� 6 � >

aUQDJ+F

H(i, j) =





Ui + 2t @BF i = j ,

−t @BF i F j @Bi�a	S�I ,ZIKQ 
 aU@�bDV � �6ITE�aU@�F

0 `jL�@Ba	`ZaUQnGdV���VBITaD�

< �6� 6 9 >

a efADF#`HaUVBVWFZ@Wb aUQ+JDF�L�a E	a�JDFZ[Ta I GdIKk 
 G�� CDITQDJDITQDkLK�J+a 
 L�E	IK[ GdaUQDIKL�QDa�ADQ+IKJDITE�FHQD@BITaUQML�[ �gPRE�L
`jL�JDFZIKLOITQ �MQDI G L#JDF�ADE�L�JDIKE	FZQ+@di�a ��b�aUVWGdL�QnGdaOVBFHbDVBFH@BFZQnGdL�JML�b�FZ[KL�@BFZk�ADIKQnGdF�E�L�GdVWI+,

H =




� � �
−t 0 0 0

−t U−1 + 2t −t 0 0

0 −t U0 + 2t −t 0

0 0 −t U1 + 2t −t

0 0 0 −t
� � �




. < �6� 6 75>



� 7

Y FZefAML�hZi�a_J+F "�` 
 V���JDIKQ+kUFZV=ADQDITJDIKE	FZQ+@BIKa�QML�[+ITQDJDFHb FHQDJDFZQnGBFRJDa�GdFHE�b�a�b a�JDFg@BFHV=FZ@B`HVBI G L�QML
��aUVWE L

[E −Hop]x=jaψx=ja(x) = 0. < �6� 6 @ >

PR@dL�QDJDa�a�a�b FHVdL�JDa�V 
 L�E	IK[TGBaUQDIKL�QDa�I GdITk 
 G � CDIKQDJ+IKQDkLK	A+QDIKJDITE�FHQD@BITaUQML�[ � � efAML�hji�a �6� 656 �
`Za�QD`Z[TADIM� @BF�efADF�FZ@cG LOFZefAML�hZi�a L�@B@BA+E�FYL#��aUVBE�L

[E − (Uj + 2t)]ψj + tψj−1 + tψj+1 = 0. < ��� 6 8�>

X�L ,ZFHQDJDaD� Uj + 2t = Hj
GdFHE�aU@

[E −Hj]ψj + tψj−1 + tψj+1 = 0. < ��� 6 B5>

��� ����� � vR; p 35z :6?=sw35;=sw?��U:635u v :���� 35s TR3csRu�� � 3�TR3Wp 7\sR4635?=sw;=z

Y F �6bDVBFH@B@di�a�kUFZQ��HVBIT`jL�JDa 
 L�E	IK[ GdaUQDIKL�QDa�FHE J+AML�@#JDITE�FHQD@�%�FZ@&F bDL�VdL�atSUF GdaUV#b�a�GBFZQD`HI L�[
IKk�AML�[9L ,ZFHVBa < A = 0 >6� "

Hop =
−~

2

2m

(
∂2

∂x2
+

∂2

∂y2

)
+ U(x, y). < �6� 6 � >

.Ra�S�L�E�FHQnGdF�� JDIT@B`ZVWFHGBI+,jL�QDJDagaRFH@BbML�hZaD��@�� e�A+F J+FZ@WGdL S�F#, Q�A+E VBFHGBIK`HAD[ L�J+a�CDIKJDITE�FHQD@BITaUQML�[ �
`Za�E�a&E�a�@WGdVBL�JDa�QMLYX�IKkUA+VdL&�6� �+�fFwL�b+[KIK`ZL�QDJDa�FH@WGBFwaUb�FZVBL�JDaUV=QML���ADQDhji�aYJDF aUQDJDL ψ �fGBFZE � @WF

[Hopψ]ij =

[
−~

2

2m

(
∂2

∂x2
+

∂2

∂x2

)]
ψij + Uijψij,

< �6� ��� >
aUQDJ+F ψ(ij) = ψ(x = ja, y = ia) F Uij = U(x = ja, y = ia) �

j=  -3     -2    -1    0       1     2      3

x

.....
-3

-2

-1

0

1

2

3

I=

..
..
.

..
..
.

.....

y

X�IKk�ADVdLO�6� �$"=P E L�`jL�JDFZIKLOITQ �MQDI G L#JDIT@B`HVBFHGBI+,ZL�JML�FZE A+E VBF GdIK`HAD[ L�JDa�CDIKJ+IKE	FZQD@WIKaUQML�[ �

! C6GdFZE � @WF�efADF

[Hopψ]ij = −[(Uij − 4t)ψij + tψi,j+1 + tψi+1,j + tψi,j−1 + tψi−1,j ].
< �6� � 6 >



�5@

Y @B@WADE	IKQDJDa [Hjψ]ij = −[(Uij−4t)ψij+tψi+1,j+tψi−1,j ]
� b�a6J+F � @WFxFZ@W`ZVBF SUFHV�L � efAML�hZi�a ��� ���

`Za�E�a

[Hopψ]ij = [Hjψ]ij − tψi,j+1 − tψi,j−1.
< �6� �U�5>

�wF �MQ+IKQDJDa�L�E L GdVBI , `Za�[KADQML Cj

Cj =




���
ψ−2j

ψ−1j

ψ0j

ψ1j

ψ2j���




, < �6� ��� >

FOaUCD@WFZVWS�L�Q+JDa�efADF	QDa1aUb�FZVdL�JDaUV Hj
� a 	KQDJ+IK`ZF j � �Z�+a+��L � e�ADL�hji�a��6� �L91b a�JDFO@BFHVYk�FZQDFG�

VdL�[KI+,ZL�JML J+FO��a�VBE�L�L1VWFZ[KL�`ZITaUQML�VwGBa6J+aU@�aU@�@�	 GdITaU@ JDFOADE�L�JDFHGBFZVBE	IKQDL�JML `Za�[KADQML j `ZaUE a�@
@�	 GdITaU@.JML�@g`HaU[KADQDL�@�S6I ,ZITQ 
 L�@ j + 1 F j − 1 �DJML�@BFHkUADITQfGBFYE�L�QDFHIKVBL

[Hopψ]ij = HjCj − tCj+1 − tCj−1.
< �6� �L9 >

]^aUVcG L�QnGda�`HaUQD`H[KADI*� @BFwe�A+F�L#FZefAML�hZi�aOJDF�"6` 
 V �6J+IKQDkUFHV.CDITJDIKE	FZQD@WIKaUQDL�[�IKQDJDFHb FHQDJDFHQfGBF�JDa
GdFHE�b�aD� [E −Hop]ijψij = 0 �Mb�a6JDF�@WFZVgVBFHFZ@W`ZVBI G LOQML#��aUVBE�L

(E −Hj)Cj + tCj+1 + tCj−1 = 0. < ��� �57�>

Y E L�GBVBI , Hj
GdFHE L�@g@BFHkUADIKQnGBFZ@gFZ[TFZE	FZQnGdaU@-"

H(i, j ′) =





Ui + 4t @BF i = j ′,

−t @BF i F j ′ @Bi�a�S6I ,ZITQ 
 aU@�bDV � �+ITE�a�@�F

0 `jL�@Ba	`ZaUQnGdV���VBITa .

< �6� ��@ >



� 8

Y VBFZb+VBFZ@WFZQnG L�hji�a�E L�GBVBIT`ZI L�[ JDF Hj
�

Hj =




� � �
−t 0 0 0

−t U−1 + 4t −t 0 0

0 −t U0 + 4t −t 0

0 0 −t U1 + 4t −t

0 0 0 −t
� � �




. < �6� �585>

! 
 L�E	IK[ GdaUQ+I L�QDaYCDIKJ+IKE	FZQD@WIKaUQML�[�GBa�G L�[ H ��JML�JDaOb aUV

H =




� � �
−t 0 0 0

−t H−1 −t 0 0

0 −t H0 −t 0

0 0 −t H1 −t

0 0 0 −t
� � �




. < �6� ��B >

��� ����� � vR; p 35z :6?=sw35;=sw?��U:635u v :���� 35s TR3csRu�� :�8D3�Tw3cp 7\sR4635?=sw;=z

� E GdV�&Z@gJDITE�FHQD@�%�FZ@H�Ma 
 L�E�IT[TGBaUQDI L�QDaH��FH@B`ZVWITGBa�JML#��aUVWE L

Hop =
−~

2

2m

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
+ U(x, y, z). < �6� �"� >

�wIK@W`ZVBF GdI ,jL�QDJ+a5� @WFxa�FZ@BbDL�hZa QfADE VWFHGdIT`ZAD[KL�JDa.GBVBIKJ+IKE	FZQD@WIKaUQML�[ � `ZaUE	a�E�a�@WGdVBL�JDa.QDL X^IKkUADVBL��6�:9D�
F�@BFHkUADITQDJDa1a�bDVBa�`ZFHJDIKE	FZQnGBa1L�QnGdFZVWIKaUVH�9IK@cGda ���\JDIK@W`ZVBF GdI ,jL�QDJ+a5� @WF#F�@BaUE�L�QDJ+a1L�@�JDFZVWITS�L�JML�@
bML�VW`ZIKL�IK@.a�C+GdFHE � @BF

[Hop]ijk = −[(Uijk − 6t)ψi,j,k + tψi+1,j,k + tψi−1,j,k + tψi,j−1,k

+tψi,j+1,k + tψi,j,k+1 + tψi,j,k−1].

< �6� �U� >

X�L ,ZFZQ+JDa [H]jk = −[(Uijk − 6t)ψi,j,k + tψi+1,j,k + tψi−1,j,k
F�@BFZQ+JDa Cj

� Ck
F Cjk

L�@
E�L�GdVWI+,ZFH@�FZE efADF j � k F j F k @di�a ���6aU@gVBFH@Bb�FZ` GdITS�L�E	FZQnGBF��MaUC+GBFZE � @WF "

[Hopψ]ijk = [HjkCj,k] − tCj−1 − tCj+1 − tCk−1 − tCk+1.
< �6� � 6 >

Y FZefAML�hZi�a�JDF "�` 
 V���JDIKQ+kUFZV#ITQDJDFHb FHQDJDFZQnGBF�JDa GdFHE�b�a�GdVWIKJDITE�FHQD@BITaUQML�[ GBaUE�L FZQnGdi�a�L
��aUVWE L

[E −Hjk]Cj,k + tCj−1 + tCj+1 + tCk+1 + tCk−1 = 0. < ��� �n��>



�5B

j=  -3     -2    -1    0       1     2      3

.....
-3

-2

-1

0

1

2

3

i=

..
..
.

..
..
.

.....

.....
..
..
.

..
..
.

x

y

z

-3

-2

-1

0

1

2

3

k=

X�ITkUADVdLO���A9�"=P E L�`ZL�JDFZIKL�IKQ �MQ+ITG L#J+IK@B`HVBF GdI+,ZL�JML�FZE ADE VBF GdIT`ZAD[KL�JDa#GdVWIKJDITE�FHQD@BITaUQML�[ �

]^aUVcG L�QnGda�a 
 L�E	IK[TGBaUQDIKL�QDa Gda�G L�[ JDa�FZ@WbML�hHa�b a�JDF @WFZV�bML�VWGdIT`ZITaUQML�JDatFZE GdV�&Z@#`HaUE	b a5�
QDFHQfGBFZ@-" a 
 L�E�IT[TGda�QDI L�Q+a&J+F�ADE L&� L�GdIKL Hjk

�+a 
 L�E	IK[ GdaUQ+I L�QDa&JDF�ADE bD[KL�QDa Hk
F�a 
 L�E�IT[M�

Gda�QDI L�Q+a#Gda�GdL�[9JDa	@��U[TIKJDa+� H �Da�@�e�ADL�IK@g@di�a	J+FZ@B`HVBI GdaU@gb�aUV

Hjk = H(i, j ′) =





Ui + 6t @WF i = j ′,

−t @WF i F j ′ @di�aOS�I+,ZITQ 
 aU@�b+V�� �6IKE	aU@�F

0 `ZL�@BaO`Za�QfGBV'��VWIKaD�

< �6� �U� >

� @W`ZVWFHSUFHQDJDa FHE ��aUVWE L�GBa�E L GdVBIT`ZIKL�[ �faUC+GBFZE � @WF "

Hjk =




� � �
−t 0 0 0

−t U−1 + 6t −t 0 0

0 −t U0 + 6t −t 0

0 0 −t U1 + 6t −t

0 0 0 −t
� � �




, < �6� ��9 >

Hk =




� � �
−t 0 0 0

−t H−1k −t 0 0

0 −t H0k −t 0

0 0 −t H1k −t

0 0 0 −t
� � �




< �6� � 75>



� �

F

H =




� � �
−t 0 0 0

−t H−1 −t 0 0

0 −t H0 −t 0

0 0 −t H1 −t

0 0 0 −t
� � �




. < �6� �5@ >

��� ����� � ; p 35z :6?=sw35;=sw?��U:635u=v : � � 35s Tw35swu�� u 7\sR798D;=z53��*;UTw?

Y E�L�GBVBI+, 
 L�E	IK[ GdaUQ+I L�QML k�FZQDFHVdL�[TI+,jL�JML Hg
JDF A+E L�J+FHGdFHVBE	IKQML�JML�� L�GBI L+� bML�VdL e�ADL�[KefADFHV

JDITE�FHQD@di�a+�+GdFHE `ZaUE	a�FZ[TFZE	FZQnGda�@#"

Hij =






U(ri) + 2Dt @WF i = j �

−t̃ij
@WF i F j @Bi�a�S6I ,ZITQ 
 aU@�bDV � �+ITE�a�@Z�

0 `ZL�@Ba	`Za�QfGBV'��VWIKaD�

< �6� � 85>

aUQDJ+F D ��Q �DE	FZVWa JDF J+IKE	FZQD@�%6FH@#< D = 1 � 2 F 3 bML�VBL ADE�L+��JDADL�@ F GBV�&H@ JDIKE	FZQ+@�%�FZ@
VBFH@Bb�FZ` GdITS�L�E	FZQnGBF�>.F ri

��a	S�FHGda�V b�aU@WIKhji�a�bML�VdLOADE @ 	TGBIKa i JML�� L�GdIKL+�
]^a�JDF � @BF_E	aU@cGdVdL�V efADF_@BF_a	SUF GdaUVRb a�GBFZQD`HI L�[\��aUVgJDI ��FZVWFZQnGdFYJDF ,HFZVBa+� a	� L�GdaUV JDF_L�`ZaUb+[ L��

E	FZQnGdaD� t̃ij � ��E	a6J+I��M`ZL�JDa#bML�VdL

t̃ij = t exp

[
ieA.(ri − rj)

~

]
, < �6� �5B >

aUQDJ+F��+aYSUFHGBaUV b�a�GBFZQD`HI L�[ � A � �wL�S�L�[TI L�J+a&FHQnGdVBFwaU@ @ 	TGdITaU@ i F j �6IK@cGdaH���+FHE (ri − rj)/2
�x]�L�VdL

ADE�L�E L�ITaUV J+IK@B`HAD@B@Bi�a	JML � efAML�hZi�a �6� ��B+�+SUF(�BL�XMF��6Q+E L�Q+Q 
 � � �

� ��� � � � ����� � �

� aUQD@WIKJDFHVdL�Q+JDa ADE �Da CDITJDIKE	FZQD@WIKaUQDL�[9IKQ �MQDITGdL�E	FZQnGdF�[TaUQDkUa	QML�J+IKVBFHhji�a x F&`ZaUE M @�	TGBIKaU@
QML�JDIKVWFZhZi�a y � "6Fga&bDL�V'(�E	FHGBVBa�JDFgJDIT@B`HVBFHGBI+,ZL�hji�a+� a �n��aUVxE_ADITGBa�E�FHQDaUV=efADFgaY`HaUE�b+VBIKE	FZQnGBa
JDF&aUQDJMLOJDFYXMFZVBE	I � a � λF

�MFZQnG i�a�b a�JDFG� @BF&JDI ,ZFZVgefADF&FZ@cG*��@WFZQDJ+a @BITE#AD[KL�JDaOADE @BIT@WGBFZE�L
`Za�QfG�	KQfADa	JDF�[ L�VWkUADVBL+� Lsimulado

�DJDL�JDa	b aUV

Lsimulado = Lfio + Ltight−binding = (M − 1)a+ 2a = (M + 1)a < �6� ��� >
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.RFZ@W@BF�E	a6JDFH[Ka#I GdITk 
 G � CDIKQDJ+IKQDkLKd� `HaUQD@BITJDFZVBL�� @WF a L�`HaUbD[ L�E�FHQfGBa L�a E	FZITa�F���GBFZVBQ+a QML�@
F���GBVBFZE	IKJDL�JDFZ@ JDa �MaD� Y @B@WADE	IKQDJDa	efADF_a	@BIT@WGBFZE�L�GBFZE @WIKE	FHGdVWI L�JDF�GdVBL�QD@W[ L�hZi�aD�MaUC+GBFZE � @WF
ADE�L�FZefAML�hZi�a L�JDIK`HIKaUQML�[*bML�VBL�@BF�`jL�[T`ZAD[KL�V.aU@ Cj

�

Cj = λjC0,
< �6�:9n� >

aUQDJ+F�� λ = exp(ika) VWFZbDVWFZ@BFHQnG LOaO� L GdaUV JDF�# [Ka�` 
 � Y @�E L�GBVBI ,ZFZ@ Cj
G'&ZE�`ZaUE	a�FZ[TFZE	FZQnGda�@

L�@ L�E	bD[KI GdADJ+FZ@.JDa�@ FH@WGdL�JDaU@gJMLOCML�@WF&JDLO` �Z[TAD[ L j `HaUQD@WIK@WGBIKQDJ+a	J+F M @ 	TGdITaU@Z�
"6ADCD@cGdITGBADIKQ+JDa�IK@WGBa�QML � efAML�hji�a_�6� 6 B+�nFZ@W`ZVWITG L�FHE ��ADQDhji�a&J+a 
 L�E�IT[TGda�QDI L�Q+aD� H0

�UGBFZE � @WF

(E −H0)Cj + tCjλ+ tCj−1 = 0

λCj = t−1(H0 − E)Cj − Cj−1,

< �6�:9 6 >

aOefADFY`HaUE#CDITQML�JDa�`HaUEt�

λCj−1 = Cj,
< �6�:9f�5>

[KF S�L	L�@WFZkUADITQnGdF�FZefAML�hZi�a�"

 Cj

Cj−1


 =


t−1(H0 − E) −1

1 0





 Cj

Cj−1


 . < �6�:9n� >

� @cGdF bDVBa�CD[KFHE L��gVBFZ@WaU[TS�ITJDaY@WaU[KA+`ZIKa�QML�QDJDa&L&FZefAML�hZi�a_JDFRL�A+GBa�S�L�[KaUVWFZ@=FwL�A+Gda�SUF GdaUVWFZ@ JML
��aUVWE L AV = λV �MaUQDJDF

V =



 Cj

Cj−1



 < �6�:959 >

F

A =


t−1(H0 − E) −1

1 0


 . < �6�:9 75>

� aUE�a�L E�L�GBVBI+, JDa�bDVBITE�FHIKVWa E�FHE#CDVWa�JML � e�ADL�hji�a_�6�:9n�wGdFHE 2M FHQfGBVdL�JDL�@Z��L FZefAML�hji�a
`jL�VdL�` GdFZV 	K@cGdIK`ZLwJDa�@BIT@WGBFZE�L det(A−λI) = 0 GBFZE 2M L�A+GBa S�L�[TaUVBFH@Z�UJ+IK@WGBIKQnGda�@ aUA�QMi�a+�nF 2M

L�A+GBa�SUFHGBaUVBFH@R`HaUVBVWFZ@Wb aUQ+JDFZQnGdFH@�L�FZ@cGdFZ@wL�A+GBa S�L�[TaUVBFH@Z� Y [��ZE�JDIK@W@BaD�M@WF λ ��ADE L�A6Gda�S�L�[KaUV JDa
@BIT@WGBFZE�L λ−1 G L�E#C#�ZE�aR@WFZV��+��bDL�VdL λ `Za�E�bD[TF��6agaUA�VBFZL�[ 
 9 6 � �!��L�IT@q@BaU[TADh#%�FZ@qVBFHbDVBFH@BFHQfGdL�E M
aUQDJDL�@.FZ[TFHGBV��UQDIT`jL�@ bDVBa�bML�knL�Q+JDa5� @WFwbML�VdL#FZ@WefADFZVWJML�F M aUQDJML�@.FZ[TFHGdV �UQDIT`jL�@ bDVBaUbDL�knL�QDJ+a5� @WF
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bML�VBL�JDIKVWFZITGdL#`Z[KL�@B@WI��M`ZL�JML�@�JDF&L�`HaUVBJ+a�`HaUE aO`ZVWITG,�HVBITa�E�aU@cGdVBL�JDaOL�CML�I �6a�"

λ→





� E < λ > � �





λ �
6
→ FHS�L�QDFH@B`ZFHQnGdFZ@RbML�VBLOJ+IKVBFHITGdL

λ �
6
→ FHS�L�QDFH@B`ZFHQnGdFZ@RbML�VBLOFH@BefADFHVBJML

� E < λ) 6= 0





� E < λ >��R� → bDVWaUbML�kUL�QDJDaObML�VBL�JDIKVWFZITGdL
� E < λ > � � → bDVWaUbML�kUL�QDJDaObML�VBL�FZ@BefADFHVBJML

. < �6�:9 @ >

"6F��BL u1(−), ..., uM(−) L�@�@WaU[KA+h#%�FZ@ efADFObDVWaUbML�knL�E bML�VdL FZ@WefADFZVWJMLtJ+F C0
`HaUVBVWFZ@Wb aUQ��

JDFHQfGBFZ@&L λ1(−), ..., λM(−) F u1(+), ..., uM(+) L�@w@BaU[TADh#%�FZ@ efADF�b+VBaUbML�knL�E bML�VdL J+IKVBFHITGdL
JDF C0

`ZaUVWVBFZ@Wb a�QDJDFZQnGBFZ@ L λ1(+), ..., λM(+) �U�RF �MQDITQDJDa

U(±) = (u1(±), ..., uM(±))
< �6�:9 85>

F

Λ(±) =




λ1(±) � � �

λM(±)


 , < �6�:9 B >

`Za�E�a U(±) @di�a L�A+Gda5� SUF GdaUVWFZ@Z�gefAML�[TefADFZV @WaU[KA+hji�a bDL�VdL�JDIKVWFZITGdL aUA�bML�VdL FZ@BefADFHVBJML6�RFHE
j = 0 ��L�@W@BADE	F�aO��a�VBE�L�Gda

C0(±) = U(±)C(±),
< �6�:9�� >

aUQDJ+F C(±) �1ADE SUF GdaUV�L�bDVWaUbDVWI L�JDa�`HaUQD@WIK@WGBIKQDJ+a JDF1`Ha6F �M`ZITFZQnGdFH@ JDF1F��6bML�QD@di�a+� � aUE	a
L�b�FZQML�@RL#� L�@WF�E#ADJML�QMLOJDIKVWFZhZi�a x �MbML�VdL�ADE j kUFHQ��ZVWIK`Za	aUC+GBFZE � @WF

Cj(±) = U(±)Λ(±)jC(±)
< �6�;7�� >

� @W`ZVWFHSUFHQDJDa

Cj(±) = U(±)Λ(±)j−j′

Λ(±)j′

C(±),
< �6�;7 6 >

E�L�@

Cj′(±) = U(±)Λ(±)j′

C(±),
< �6�;7U�5>

E#AD[ GdITbD[KIT`jL�QDJ+a_FZ@cG LOF��6bDVWFZ@B@Bi�a L�FH@BefADFZVWJML b�aUV U(±)−1 GdFZE � @WF

U(±)−1Cj′(±) = U(±)−1U(±)Λ(±)j′

C(±)

U(±)−1Cj′(±) = Λ(±)j′

C(±).

< �6�;7�� >
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]^aUQDJ+a�IT@B@BaOQML � efAML�hji�a �6�;7 6

Cj(±) = U(±)Λ(±)j−j′

U(±)−1Cj′(±),
< �6�;7L9 >

aOefADFYb�a�JDF�@BFHV FH@B`HVBITGBa�`HaUE	a

Cj(±) = (U(±)Λ(±)U(±)−1)j−j′

Cj′(±),
< �6�;7575>

� L ,HFZQDJDa F (±) = U(±)Λ(±)U(±)−1 �D`ZaUQ+`Z[KA+IM� @WF�efADF

Cj(±) = F (±)j−j′

Cj′(±).
< �6�;7�@ >

b�aUVWGdL�QnGdaD�D@WF�QMi�a 
 aUA+S�FZVgFZ@WbML�[ 
 L�E�FHQnGdaOa�b+VBaUCD[TFZE�L#FZ@cG*�OVBFZ@WaU[TS�ITJDaD�

� ��� � ��
�������� % � ��� �  ��2� �Z0���% � 	 *!�

� aUQD@WIKJDFHVBFRL�kUaUVBL�aYbDVWaUCD[TFZE�L�E�L�IT@xkUFZVBL�[MJDa&FZ@BbDL�[ 
 L�E�FHQfGBaYbDL�VdL�ADE �Ma��MQDI Gda�QML&JDIKVWFZhji�a
x ��JDI S6ITJDIKJ+a�FHE N � L�GBI L�@OaUA�`=�Z[TAD[ L�@Z� Y @W@BADE	IKQ+JDa�efADF bDL�VdL j ≤ 0 F j > N GdFHE � @BF
VBFH@BFHVWS�L�G,��VBIKa�@.b FHVW��FHITGda�@Z�DbDVWIKE	FZITVBaD�f@BFHbML�VBL�� @WFYL�@�L�E	bD[KI GdADJDFH@ JDF C0

QML�` �Z[KA+[ L 0 FHE aUQDJDL�@
IKQ+`ZIKJ+FZQnGdFH@RN�JDITVBFHITG L#F�aUQ+JML�@gVBF��MFHGBIKJML�@gbML�VdL�FZ@We�A+FZVBJDL

C0(±) = C0(+) + C0(−).
< �6�;7585>

PR@BL�QDJDa�L � e�ADL�hji�a �6�;7�@+�ML	L�E	bD[KI GdADJ+FwQMLO`=�H[KAD[KL −1 ��FZ@W`ZVBI G L�`Za�E�a

C−1 = F (+)−1C0(+) + F (+)−1C0(−)

C−1 = F (−)−1[C0 − C0(+)] + F (+)−1C0(−)

C−1 = F (−)−1C0 + [F (+)−1 − F (−)−1]C0.

< �6�;7�B >

]^a�QDJDa	IK@B@WaOQML � efAML�hZi�a �6� ��76�DaUC+GBFZE � @WF�L	FHe�ADL�hji�a	JDaOE	a S�ITE�FHQfGBa�QMLO`=�Z[TAD[ L 0

{
E − (H0 − tF (−)−1)

}
C0 + t[F (+)−1 − F (−)−1]C0(+) + tC1 = 0.

< �6�;7�� >

X�L ,ZFZQ+JDa H̃0 = H0 − tF (−)−1 �DGdFHE � @BF
(
E − H̃0

)
C0 + tC1 = −t[F (+)−1 − F (−)−1]C0(+).

< �6�A@U� >

]^aUV�aUA6GdVBaO[KL�JDa�QML�`=�H[KAD[KL N + 1 �+GdFHE � @BF�L�b�FZQDL�@�aUQDJML�@ @WF�bDVBaUbDL�knL�QDJ+a	bDL�VdL�JDITVBFZI G L+�
b�aUVWGdL�QnGda

CN+2 = F (+)CN+1,
< �6�A@ 6 >
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�qa�kUaD�ML�FZefAML�hji�a	JDaOE�a�S�IKE	FZQnGBa	QDLO` �Z[TAD[ L N + 1 GdaUVWQML�� @WF

(E −HN+1)CN+1 + tCN + tCN+2 = 0

(E −HN+1)CN+1 + tCN + tF (+)CN+1 = 0,

< �6�A@n�5>

� L ,HFZQDJDa H̃N+1 = HN+1 − tF (+) ` 
 FHknL�� @BF&L

(E − H̃N+1)CN+1 + tCN = 0.
< �6�A@U� >

! a�C��WFHGBITSUa � aUC+GBFZV�L�VWFZ[KL�hji�a ��ADQD`ZITaUQML�[ CN+1 = f(C0)
� ]�L�VdL�G L�[W�MEt��AD@BL�� @WF a

`Za�QD`ZFHITGdaOJDF���ADQ+hji�a	JDF ��VWFZFHQ9�MFZ@W`ZVBF SUFHQDJDa

(E − H̃)G = 1

G = (E − H̃)−1,

< �6�A@�9 >

aUQDJ+F

H̃ =




H0 −t ... 0 0

−t . −t ... 0

. −t . −t ...

. 0 −t . −t

. 0 0 −t H̃N+1




. < �6�A@ 75>

�wF �MQ+IKQDJDa�L�E L GdVBI , F��6`HITG L�hji�a

S =




s0

s1

s2

s3���
sN+1




, < �6�A@5@ >

aUQDJ+F sn
��L#F��6`ZI G L�hZi�aOQML#`=�H[KAD[KL n � Y VBFH[ L�hZi�a#FHQfGBVBF�aU@.S�L�[TaUVBFH@.JDF Cj

F�a�@�JML#��ADQDhji�a�JDF
��VBFZFHQ a�C FHJDFZ`HF_L�@BFHkUADITQfGBF�VBFZ[KL�hji�a�E L�GBVBIT`ZI L�[




C0

C1

C2

C3���
CN+1




=




(0|G|0) ... (0|G|N + 1)

(1|G|0) ... .

(2|G|0) ... .

(3|G|0) ... .��� ��� ���
(N + 1|G|0) ... (N + 1|G|N + 1)







s0

s1

s2

s3���
sN+1




. < �6�A@ 85>



959

! [ 
 L�QDJ+a�bML�VBL�L � efAML�hZi�a��6�A@U�+�^`ZaUQD`H[KADI*� @WF efADF�L�F �6`ZITGdL�hji�a�QML�` �Z[TAD[ L ,ZFZVWa � JML�JML
b�aUV s0 = −t[F (+)−1 − F (−)−1]C0(+) � � aUE	a�L�@gJDFZE�L�IK@�` �Z[TAD[ L�@gQMi�a	@Wa���VBFHE F��6`ZI G L�hZi�a
F���GBFZVBQDL+�9GdFHE � @BF s1 = s2.... = sn+1 = 0 � ! [ 
 L�QDJDa�bDL�VdL L � efAML�hZi�at�6�A@ 8 F�[KF S�L�QDJDa FHE
`Za�QfGdL	efADF�QMLO`=�H[KAD[KL N + 1 @ ��F �+IT@WGBFZE aUQ+JML�@gbDVBa�bML�knL�Q+JDa5� @WF�bML�VBL	JDITVBF G L+��GdFZE � @WF

CN+1(+) = CN+1 = −t(N + 1|G|0)[F (+)−1 − F (−)−1]C0(+). < ���;@5B5>

"6IKE	IK[KL�VBE	FZQnGdF

C0(−) = C0 − C0(+)

C0 = {−t(0|G|0)[F−1(+) − F−1(−)] − 1}C0.

< �6�A@ � >

�wF&L�`ZaUVWJDaO`ZaUE L � efAML�hZi�a����A9��6�Db a�JDFG� @BF�FH@B`HVBFHS�FZV

CN+1 = C
′

N+1U(+),
< �6�;8�� >

aUQDJ+F C ′

N+1
�gADE S�FHGda�V `HaUQD@BIT@WGBIKQDJDa�JDF `Za�F �D`ZIKFHQnGdFZ@ JDFgF��6bML�Q+@di�aYFZEy`jL�QML�IK@=JDFg`HaUQDJDADhZi�a

JDIT@WGdITQnGdaU@H�DaUA1@BF(�BL+� C ′

N+1 = (Cυ
N+1...C

µ
N+1)
� �wF�E L�Q+FZIKVBL�L�Q)��[TaUknL+�

C0 = C
′

0U(+),
< �6�;8 6 >

aUQDJ+F C ′

0 = (Cν
0 ...C

µ
0 ) � ]^a�VWG L�QfGBa	L � efAML�hZi�a ���;@5B6�Db a�JDF�@WFZVgFZ@W`ZVBI G LOQML#��aUVBE�L

C
′

N+1U(+) = −t(N + 1|G|0)[F (+)−1 − F (−)−1]C
′

0U(+)

C
′

N+1

C
′

0(+)
= −tU−1(+)(N + 1|G|0)[F (+)−1 − F (−)−1]U(+),

< �6�;8U�5>

X�L ,ZFZQ+JDa t′µν = Cµ
N+1/C

ν
0
�+GdFHE � @BF

t
′

µν = {−tU−1(+)(N + 1|G|0)[F (+)−1 − F (−)−1]U(+)}µν .
< �6�;8�� >

Y `ZaUVWVBFZQnGBFwL�@W@Ba�`ZIKL�JML�L�ADE L�aUQ+JML�FZ@BbDL�[ 
 L�JML���b+VBaUb�aUVB`HIKaUQDL�[ML�a�efAML�JDVBL�JDa�JML���ADQDhZi�a
JDF a�QDJML#E#AD[ GdITbD[KIT`jL�JML�b�FZ[KL&SUFH[Ka�`ZITJML�JDF��+FZQnGdi�a�b a�JDFG� @BFwFZ@B`HVBF SUFZV t′µν =

√
vν/vµ tµν

�=]^aUV��
G L�QfGBaD� a `Za�F �D`ZIKFHQnGdF�JDF�GBVdL�Q+@BE	IK@B@Bi�a tµν

bML�VBL ADE L aUQ+JML ITQD`ZITJDFZQnGBF�Q+a `ZL�QML�[ ν `ZaUE
SUFH[Ka�`ZITJML�JDF vν

F&A+E L�aUQDJDLOJ+F&@BL 	KJDLOQ+a	`ZL�QML�[ µ `HaUE SUFH[Ka�`ZITJML�JDF vµ
�

tµν =

√
vµ

vν

{−tU−1(+)(N + 1|G|0)[F (+)−1 − F (−)−1]U(+)}µν .
< �6�;8L9 >
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Y QML�[TaUknL�E	FZQnGBF���b a�JDFG� @BF&E	aU@WGBVdL�V efADF_a `Ha6F �M`ZITFZQnGdFYJDF_VWF �MF �+i�a bML�VBL�ADE `ZL�QML�[ IKQD`HIM�
JDFHQfGBF ν F�ADE `ZL�QML�[9J+F&@BL 	KJDL µ �

rµν =

√
vµ

vν

(U−1(−){−t(0|G|0)[F−1(+) − F−1(−)] − 1}U−1(+))µν
< �6�;8575>

� E�GBFZVBE	aU@YJDa `Za�F �D`ZIKFHQnGdF J+F GdVBL�QD@BE	IK@W@di�a tµν
�xL `HaUQDJDA+G'(�QD`HI L ��JML�JML�b�FZ[KLtS�FZVB@Bi�a

E#AD[ GdIT`jL�QML�[*JML#��aUVWE#AD[ L#J+F �qL�A+QDJML�ADFHV*< � efAML�hji�a 6 � 6 75> �

� ��� � &�*!� ��� ��*!��
�� *!� � �

! VBFHGBIK`HAD[ L�J+a#efADF�JDFZ@W`ZVWFHSUF&a�JDIT@Bb�aU@BI GdITS�a_b�a6J+F @BFHV�JDITS�IKJ+IKJDaYFZE�� L GdI L�@ F `ZL�JML#� L�GdIKLYb�a6J+F
@BFHV.L�@W@Ba�`ZIKL�JML&LYADE Q �DE	FZVBaYIKQnGdFHIKVWaD� � QD`HaUQnGdVdL�QDJDa5� @BF ADE�L�[KFZI�VWFZ`ZA+VB@BI S�LYJDa&GdIKb�a GL+1 =

f(GL) ��aUQDJ+F L JDFHQDa�GdL�a Q �DE	FZVWa JDF�� L�GBI L�@gJML	bML�VWGBFYJ+a @BIT@WGBFZE�L	`HA��BL	��ADQ+hji�a�JDF ��VBFHFZQ
���H��`HaUQ 
 FH`ZIKJDL+�+`HaUE�a_E�aU@cGdVBL�JDa#QML�X^IKkUADVBL#�6�;76� Y ��ADQDhji�a�JDF���VBFZFHQ G J+a�@BIK@cGdFHE L_b�a�JDF
@BFHVgLjS�L�[KI L�JML_L#`ZL�JMLOL�JDIThji�a#J+F�ADE L#Q+a S�L_� L�GBI L+� ]�L�VBL#aUC+GdFHV�FZ@cG L#[KFHI*VWFZ`ZA+VB@BI S�L+�DA+GBIK[KI ,jL�� @BF
L�FZefAML�hZi�a	JDF�� ��@BaUQ

G = G0 +G0V G,
< �6�;8�@ >

aUQDJ+F V � ADE b a�GdFZQ+`ZI L�[ JDFwb FHVWGdA+CML�hji�aD�e.Ra�`ZL�@Ba�bML�VWGdIT`ZAD[KL�V FZE FZ@WGBADJDaD�DL#b FHVWGdA+CML�hji�a �
��VBA6Gda_JDL_L�JDIThji�a&JDFRADE L�QDa�S�L&� L�GBI L&L�a&@BIK@cGdFHE L+� # AD@B`ZL�QDJDa_ADE L�VBFH[ L�hZi�a&FZQnGdVWF V F GL ���
b�aU@B@ 	TSUFH[ FHQD`Za�QfGBVdL�V LY[TFZIMVWFZ`ZA+VB@BI S�LYJDFH@BF��BL�JML+� �.L�[T`ZAD[KL�QDJDaYL&��ADQ+hji�aYJDF ��VBFHFZQ�JDFwE�L�QDFHIKVdL
ITGBFZVBL�GdI S�L6�nL�a&IKQnSD�H@ JDF IKQnSUFHVWGBFZV LYE�L�GdVWI+, (EI− H̃)−1 �6JDITE�ITQfADIM� @BF.a&`ZAD@cGdaY`ZaUE	bDA+GdL�`ZITaUQML�[
JDa�L�[KkUaUVWITGBE�a�JDF (M ×N)2 bML�VdL (M ×N) �+aUQ+JDF M F N @di�a�L_[ L�VBkUADVBL&Fw`ZaUE	bDVBITE�FHQnGda
JDaO@BIT@WGBFZE�LOF �6bDVBFH@B@Ba�@wFZE Q �+E�FHVBa	JDF�@�	TGBIKaU@ VBFZ@Wb FH`HGBITS�L�E	FZQnGdF��

� aUQD@BITJDFZVBL�QDJDa_ADE�`HaUQ��WADQnGBa#JDF N � L�GdIKL�@ FRAD@dL�QDJDaOL_QDa�G L�hZi�a_JDF �wIKVBL�`���a 
 L�E	IK[ GdaUQ+IM�
L�QDa I GdIKk 
 G�� CDITQDJDITQDkLKgGda�E L�L���aUVBE�L

HN =
∑

ij

H̃ij|i >< j|, < �6�;8585>

aUQDJ+F H̃ij 6= 0 L�b FHQML�@R@BF i F j @di�a	S�I+,ZITQ 
 aU@gbDV � �+ITE�a�@ F H̃ii 6= 0 � "6FYL�JDIK`HIKaUQDL�VBE	aU@�ADE�L
QDa�S�LO� L GdI L6�6GdFHE � @BF

HN+1 = HN + H̃N,N+1|N >< N + 1| + H̃N+1,N |N + 1 >< N |+

H̃N+1,N+1|N + 1 >< N + 1|,

< �6�;8�B >
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+

1

M

1 L L+1

1

M

X�ITkUADVdL��6�;7�" � IK@Bi�a FH@BefADFZE ��GBIK`jL J+a bDVBa�`ZFHJDIKE	FZQnGBa ITGBFZVdL GdITS�a bML�VBL�a `#��[K`HAD[Ka JML���ADQDhZi�a
JDF ��VBFHFZQ � JDa�@BIT@WGdFHE L6� Y ��ADQDhZi�a�JDF ��VBFHFZQ GL+1 VBFH[ L�GBITS�L�L�a�@BIK@cGdFHE L�J+F G L�E�L�Q 
 a
(L+ 1) ·M VWFZ[ L�`ZIKa�QML�� @WF L_��ADQ+hji�a�JDF���VBFHFZQ GL VWFZ[KL�GdI S�LYL�a�@BIT@WGBFZE�L#JDF G L�E�L�Q 
 a L ·ML�GBVdLjSD�H@RJDF�ADE�L�[KFHI9VBFH`ZADVW@BITS�L GL+1 = f(GL) �

aUAtL�ITQDJML+�

HN+1 = HN + VN |N >< N + 1| + V †
N |N + 1 >< N |+

H̃0
N+1|N + 1 >< N + 1|,

< �6�;8�� >

aUQDJ+F VN = H̃N,N+1
� H̃0

N+1 = H̃N+1,N+1
F V †

N = H̃N+1,N
�

PR@dL�QDJDaOG L�E#C#�ZE L�QDa�G L�hji�aOJDF��wITVdL�`�bML�VdLOF��6bDVBFH@B@BL�V ��A+QDhji�a	JDF ��VBFZFHQ

gN =
∑

ij

(i|GN |j)|i >< j|. < �6�ABU� >

]^aUVgJDF �MQDIKhZi�a�GdFHE � @BF

(E1N −HN)gN = 1N ,
< �6�AB 6 >

aUQDJ+F 1N ≡
∑
i

I|i >< i| �
.Ra�GdL�� @WF�e�A+F

∑

k

< i|E1N −HN |k >< k|gn|j >= Iδij

∑

k

(EIδik − H̃ik)(k|G
N |j) = Iδij.

< �6�ABn�5>

]^a�JDF � @BFgJDFZ`HaUE	b aUV=a 
 L�E	IK[ GdaUQ+I L�QDawL�JDIT`ZIKa�QML�JDa�JDFgADE�L � L�GdIKL HN+1
JML � efAML�hji�a#�6� 8"�

FZE ADE L bDL�VB`HFZ[ L�@WFZE L�`HaUbD[ L�E�FHQfGBa�`ZaUE L � L�GdIKL�L�JDIK`HIKaUQDL�JML H0
N+1
�nIT@WGBa����n`ZaUE VN = 0 �fF

aUA+GBVdLwJ+FHS�IKJDa�L�a�L�`Za�bD[ L�E	FZQnGBa `ZaUE Lw� L�GBI LwL�JDIK`HIKaUQML�JML H1
N+1
�UIK@cGda ���nADE LRbML�VB`HFZ[KLwJDFHS�ITJDa

L�b FHVWGBADCML�hZi�aD�MJDF�G L�[*��aUVBE�L#efADF&a � L�E	IK[TGBaUQDIKL�QDaYGBa�G L�[ � "

HN+1 = H0
N+1 +H1

N+1
< �6�ABU� >
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Y VBFHbDVBFH@BFZQnGdL�hji�a�E L GdVBIT`ZIKL�[�JDF H0
N+1

�

H0
N+1 =


HN 0

0 H̃0
N+1


 , < �6�AB�9 >

aOefADFY@WADCD@WITGdA+IKQDJDaOQML�FHe�ADL�hji�a L�CML�I �6aD�

(E1N −H0
N+1)g

0
N+1 = 1N+1

< �6�AB 75>

VBFH@BAD[ G L�QDa	@BIT@WGdFHE L

E −HN 0

0 E − H̃0
N+1





g

(N+1)(0)
N F

(N+1)(0)
1

F
(N+1)(0)
2 (N + 1|G(N+1)(0)|N + 1)


 =



1 0

0 1



 .

< �6�AB5@ >

efADF.GdFHE `HaUE�aw@BaU[TADhji�a F (N+1)(0)
1 = F

(N+1)(0)
2 = 0 � g(N+1)(0)

N = gN
� (N+1|G(N+1)(0)|N+

1) = (E−H̃0
N+1)

−1 � (i|G(N+1)(0)|j) = (i|G(N)|j) bML�VdL i, j = 1...N � (i|G(N+1)(0)|N+1) =

(N + 1|G(N)|i) = 0 bDL�VdL i, j = 1...N �
PR@dL�QDJDa L�FHe�ADL�hji�a JDF � ��@BaUQ < � efAML�hji�a �6�;8�@ > � b�a6J+F � @WF1`ZaUQD`H[KADITV�efADF�L���ADQDhZi�a�JDF

��VBFZFHQ a�C FHJDFZ`HF_L�@BFHkUADITQfGBF�VBFZ[KL�hji�a

gN+1 = g0
N+1 + g0

N+1H
1
N+1gN+1.

< �6�AB 85>

Y bD[TIK`jL�QDJDa � . 
 6�� N�FH@BefADFZVWJML F � . 
 6 � N�JDITVBFHITG L6�6GdFHE � @BF

(N + 1|GN+1|N + 1) = (N + 1|G(N+1)(0)|N + 1)+

(N + 1|G(N+1)(0)|N + 1)V †
N(N |G(N+1)|N + 1),

< �6�AB5B >

Y bD[TIK`jL�QDJDa � . � N�FZ@WefADFZVWJML�F � . 
 6 �oN�JDITVBFHITG L#QDL � efAML�hZi�a ���;B 8

(N |G(N+1)|N + 1) = (N |G(N+1)|(0)|N)VN(N + 1|G(N+1)|N + 1)

= (N |G(N)|N)VN(N + 1|G(N+1)|N + 1)

< �6�AB � >

� L�@BaU[TADhji�aOJML � efAML�hji�a �6�AB5@+�+@dL�C�F � @BF�efADF (N |G(N+1)(0)|N + 1) = 0 � �qa�kUaD�+GBFZE � @BF

(N + 1|G(N+1)|N + 1) = (N + 1|G(N+1)(0)|N + 1)[1+

V †
N(N |G(N)|N)VN(N + 1|G(N+1)|N + 1)].

< �6� �U� >
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! GdFHVBE	a V †
N(N |G(N)|N)VN

`HaUVBVWFZ@Bb�aUQDJ+F L�ADE�L.b FHVWGBADVBCML�hji�agJDF S6ITJDaRL L�JDIKhZi�a�JDF=ADE�L
QDa�S�LO� L GdI L6�DaUA1@BF(�BL+��FZ[KF�VWFZbDVWFZ@BFHQnG L H1

N+1
�&�wL�JDF �MQDIKhZi�aOJDF���ADQDhji�a�JDF ��VBFHFZQ�`HaUQD`H[KADI*� @BF

efADF "

[(N + 1|G(N+1)|N + 1)]−1 = (E − H̃0
N+1 − V †

N(N |G(N)|N)VN), < �6� � 6 >
X�L ,ZFZQ+JDa N = j F�[KFHE#CDVBL�QDJDaOefADF VN = H̃N,N+1

F H̃0
N+1 = H̃N+1,N+1

GdFHE � @BF

[(j + 1|G(j+1)|j + 1)]−1 = (E − H̃j+1,j+1 − H̃j+1,j(j|G
(j)|j)H̃j,j+1).

< �6� �n�5>

Y bD[TIK`jL�QDJDa a�@ aUb�FZVdL�JDaUVBFH@ � . 
 6�� F |j ′ > QML � efAML�hji�at�6�;B58�F#[KFHE#CDVBL�QDJDa efADF (N +

1|G(N+1)(0)|j ′) = 0

(N + 1|G(N+1)|j ′) = (N + 1|GN+1|N + 1)V †
N(N |GN |j ′),

< �6� �U� >

� L ,HFZQDJDa N = j � j ′ = 0 F�[KFZE_CDVdL�Q+JDa�efADF V †
N = H̃N+1,N

(j + 1|G(j+1)|0) = (j + 1|G(j+1)|j + 1)H̃j+1,j(j|G
(j)|0). < ��� ��9 >

PR@dL�QDJDa1L `HaUQDJDIThji�a�IKQDIT`ZI L�[ (0|G(0)|0) = (EI − H̃0)
−1 F#L�@ � efAML�h#%�FZ@��6� �U��FO�6� ��9D� L

��ADQDhZi�a&JDF ��VWFZFZQOGda�G L�[DJ+a&@WIK@cGdFZE�L (N+1|G|0) �nQ+FZ`ZFH@B@���VBIKL&bML�VdL�a�`.��[T`ZAD[Ta&J+a&`Ha6F �M`ZITFZQnGdF
JDF�GdVBL�QD@WE�IT@B@di�a tµν

QML � e�ADL�hji�a��6�;8L9D�qb�a6JDF�@WFZV�`jL�[K`ZA+[ L�JML J+F	E�L�QDFHIKVBL ITGdFHVdL�GBITS�L+�9`HaUE	a
JDFH@BF��BL�JDaD�

� ��� � % ����� % � 	3* �&,.-�� � �
% �2��* �
�����
	2� �

! L�[KkUa�VBITGBE�a�JDF�`#��[K`HAD[Ka���a�IwIKE	bD[TFZE	FZQnG L�J+a�`Za�E @BA+`ZFZ@W@Ba 
:9n� � A+GBIK[TI+,jL�QDJDa�a L�bD[KIT`jL�GBITSUa
� Y � � Y # 
 959 � � ! @�bML�@B@Ba�@R@Bi�a�`HaUE	a�@BFZk�ADF "

6 ����&&L�kUFZaUE	FHGBVBIKL#JDaOJDIK@Wb aU@WITGBITSUa�A+@dL�QDJ+a L�IKQnGBFZVW� L�`ZF�FZQnGdVBL�JML �

�6� � QDIT`ZIKL�[KI ,jL�aU@�bML�V�(�E�F GdVWaU@.JDF�@WIKE#AD[KL�hji�a < aU@ S�L�[KaUVWFZ@.JDa�� L�GBaUV.JDF�L�`ZaUbD[KL�E	FZQnGda t �+JML
FHQDFZVWkUI L�IKQ+`ZIKJ+FZQnGdF�F�JML�SUaU[ G L�k�FZE ITQDIK`HI L�[ > �

�+� �.L�[T`ZAD[KL�L�E L�GBVBI , JML���ADQDhji�a	J+FH��VBFHFZQ �
� ��� FHQDefAML�QnGda E ≤ Emin

< E ��ADE LtkUVdL�QDJDF#,ZL�efADF @WF JDFH@BF(�BL�S�L�VBI L�VZ� b a�JDF	@BFZV_L
FHQDFZVWkUI L�ITQD`ZITJDFZQnGdF�aUA1ADE�L#SUaU[ G L�k�FZE L�bD[KIT`jL�JML�L�a	J+IK@Bb�aU@WITGdI SUa >
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� � �
fatia = 1

�
� 6 � `jL�[K`ZA+[ L (0|G(0)|0)

�
� 
 �

fatia = 2
�

� 5 � FZQDefAML�QfGBa fatia < N

� : � `ZL�[K`HAD[ L (fatia + 1|G(fatia+1)|0)
�

� � �
fatia = fatia+ 1

�
� 
 � �ME
� 8 �

fatia = N
�

� � � `ZL�[K`HAD[ L (N + 1|G(N+1)|0)
�

��� � `ZL�[K`HAD[ L�L�`Za�QDJDA+G'(�QD`ZIKL �
� % �

E = E + passo
�

� � � �DE

9D� � VdL�hZL�a�kUV��5�M`Ha	JDL���A+QDhji�a g = f(E) �



� ����� � � � � �

� ����� ���J��	 � ��� � � � �����G�

� aUE	a ��aUIRL�bDVWFZ@WFZQnG L�J+a QDa `jL�b�	TGBAD[Ka L�QnGdFHVBIKa�VZ�gL�kUFHaUE	FHGdVWI L�JDa JDIT@Bb�aU@BI GdI SUa�bDVBFH`ZIK@BL�@BFHV
GdVBL�QD@c��aUVBE�L�JML�FZE A+E LOE L GdVBI ,�bML�VBL	efADF_L	@WIKE#AD[KL�hji�a	b�aU@W@dL�@WFZV VBFZL�[KI ,jL�JML6� � aUE L �MQMLK�
[KITJML�JDF_JDF	� L�`ZIK[TITGdL�VRF�GBaUVBQML�V�E L�IT@ IKQnGBADITGBITS�L�L�FZQnGdVBL�JML1JDFOJML�JDaU@H� ��a�I JDFZ@WFZQnSUa�[TS�IKJMLtADE�L
IKQnGBFZVW� L�`ZF_bDL�VdL	`ZaUQnSUFHVB@Bi�a1JML kUFHaUE�F GdVWI LOFZE E L GdVBI , 
:9 7 � �R]�L�VBL QMi�a�GdFZVRefADF#JDFH@BFZQnS�aU[TS�FZV
Gda�JDa A+E L�E_CDIKFHQfGBF_JDF_IKQnGdFHVW� L�`HF_kUV��5�M`jL6�*aUb+GBaUA � @BF#b�aUVw@WF#A+GBIK[KI ,jL�VgADE bDVWaUkUVdL�E L	JDF#JDFG�
@BFHQ 
 aD�6I � F�� �+aYJDIK@Wb aU@WITGBITSUa �wJDFH@BFHQ 
 L�JDaOAD@BL�QDJDa�� @BFRADE bDVBaUk�VdL�E�L ���YF��6IK@cGdFZQnGBF��+GdL�IK@ `ZaUE	a�"
� � � �,���© JDa ( �����T$ � $
	 ���B� � &#$�
 ���© ���/����� 
:9 @ � J+a��c� �,!��U��F Gd` � a JDFZ@WFZQ 
 a � @dL�[ SUa QDa
��aUVWE L�GBa�E L�b FZL�JDa�LOC+ITGj� #.��]^� ! bDVWaUkUVBL�E L#J+FZ@BFHQnSUaU[ S6ITJDa kUFHVdL	L�E L�GBVBI , 
 L�E	IK[TGBaUQDIKL�QML
JDF�FZQnGBVdL�JMLOefADF�JDFZ@W`ZVWFHSUF_a	J+IK@Bb�aU@WITGdI SUaD�

Y kUFHaUE	FHGdVWI L�JDa_QDL�QDa�JDIK@Wb aU@WITGBITSUa��RJDF �MQ+IKJML&b FH[ LYFHQDFZVWkUI L�b�a�GdFHQD`ZIKL�[�JDFw`HaUQ �MQML�E�FHQfGBa
JDa FZ[�� GdVWaUQ9� � aUE	a1��aUIxS6IT@WGBa�QDa `jL�b�	 GdAD[TatL�QnGdFZVWIKaUVH�^FH@WGBF b�a�GdFHQD`ZIKL�[ ��A6GdIK[TI+,ZL�JDa1QML `HaUQD@��
GdVWADhji�atJ+a 
 L�E�IT[TGBaUQDI L�QDa�J+F	FHQnGdVdL�JMLtJ+atJ+IK@Bb�aU@WITGdI SUaD�_]^a�JDF � @BFOFZ@cG L�C�FZ[TFZ`HFZV�ADE�L VBFZ[KL�hji�a
FZQnGBVBF L kUFHaUE�F GdVWI L JDa�J+IK@Bb�aU@WITGdI SUa F L FZQ+FZVBk�I L b a�GBFZQD`HI L�[�efADF JDFZ@W`ZVWFHSUF a E	FZ@BE	a JML
@BFHkUADITQfGBF_��aUVWE L$"gADE b�a�GdFHQD`ZIKL�[^ITQ �MQDI Gda�@BIKk�QDI��M`ZL efADF�a FH[��HGBVBaUQ GBFZE bDVBa�CML�CDIT[KIKJDL�JDF
,ZFZVWa
JDF�@BFHVgFZQD`HaUQnGdVdL�JDa�Q+FZ@WGdL�VWFZkUIKi�aD�

� �
� � ��
�% � *!� � � $

! ��aUVWE L Gda�#���] 
:9 8 � �t`HaUE	b aU@cGda�JDF1efAML�GBVBa�FZ@WGBVBA+GBADVdL�@#"�a�`ZL�C FHhjL�[ 
 a�JDF L�VBefADI SUaD� a
`jL�C FHhjL�[ 
 a�JDF�IKE�L�kUFHE ��L G L�C�FZ[KL�JDF�`Za�V�F aU@�JML�J+aU@�JDF�bDI �+FH[ � � @WG L�@�FZ@WGBVBA+GBADVdL�@	FH@WGdi�a
JDIT@Bb�aU@WGdL�@gQML�aUVBJDFHE E	aU@WGBVdL�JML�QMLOX�ITkUADVBL��+� 6 F�@di�a	J+FZ@B`HVBI G L�@ NO@BFZk�ADIKVH�

7��
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CABEÇALHO DO ARQUIVO

CABEÇALHO DA IMAGEM

TABELA DE COR

PIXELS DE DADOS
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t = EF

(
1

2π

)2 (
λF

a

)2

. { � I
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�BIHx  /@0@0&)@R@0�=7hA,<b&	1/�T /@/n�&  /�, #"0-.��& 5,4
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 /@%*m #"!&)5F4,n�A,7M&+U. #s:SaA, E&]@0 #*6&)"0&)132)4y #���!"0 p4.@��,�KU. /�=@lSaA��)���0��(/4)@�5, � #�, /"%-.�b&]dp����U. #"0@!&	7M #�a�0 
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Condutor balístico
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(/��&Fn

gm = ∂ID/∂VG
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� �

� ��-)A,"!& � I�� ���]��@%�!&� /@0SaA, #78_ �!��(/&�5, �A,7 �!"0&)�,@%��@%�04.":(/4)7�&)*� /�6&)@EA,7 �!4T(/4RSaA��)���!�=(/4 I
�����0 /"%$? #" � �,(/��&�SaA��)���0��(3&BnT(#4.7;4�4.@r�0"!&)�,@%��@O�!4."% /@�5, +�04B(#4�SaA��	�a�0��(#4,n�$?A,�,(/�=4.�6&)7e(/4.7 \6&	@0 +�6&
7hA,5,&)�,13&��,4R*6&	5,"!2)4R5, ��=�a�0 /"O$? /" � �,(/��&h5,4.@E /<= #�0"04.�,@: #7 $?A,�,1/2)4R5, �A,7 *�4)�0 /�,(#�b&)<� ZT�! /"%�,4
&)*,<=��(/&)5,4 I�[ @0@0 E$? /���.7M #�,4ySaA��)���!�=(/4�"0 #SaA, /"�\m #7e7; /�,4)@r /�, #"0-.��&�5F4�SaA, E4y�!"0&)�,@%��@%�04." ��[ �
�!"0&)5,�=(/��4)�6&)< I Gp4.7h\,�=�6&)5,4+(/4.7 ��@0@%4+�0 /7�C @% �4E�P&	78&)� 9 4E"0 /5FA,s/�=5,4>5F /@0@% /@l�0"!&)�F@0��@O�!4."% /@#n	4+SaA, 
(/4)�a�0"0�=\,A,�F*,&)"!&`A,7M&]7M&)��4)"�U) /<�4T(/�=56&)5, 	n.A,7M&]U. #s:STAF :5,��7;���aA,�T4`�! #7M*�4`5, :*,"%4.*6&)-.&)132)4]5,4
 /<= #�0"04.��&	�!"0&3U.d/@�5,4�5,��@%*m4.@%�=�0�=U.4���*�4B5F /�,5,4L&	�!�=�,-.�="]$?"0 #S � � �,(#�b&)@�5, ;(/4.7hAB�P&)1/2)4X5,&X4."%5, /7
5, y�! #"!& 9  /"0s . � � 0JI

W &)"0&RSaA, �&������! #"%$? #" � �F(/�b&�4T(/4."%"!&�d��, /(# /@%@!_)"%��4;STAF �4R /<= #�0"04.��@0 �*,"%4.*6&)-.AF y /7 &)*� /�6&	@
A,7 7;4T5,4,n)*,&)"!&ySaA, E��@%@04�4B(#4."0"0&`5, #U) �CD@0 E�! /"

kBT < E1

n�A,@0&)�,5,4�& [ SaA6&)132	4 �.I�� , (#4.�,(/<=A,�KC
@0 �SaA, 	�

W < ~π

√
1

2m∗kbT
. { � I�� }

Gp4.�,@0�=5, /"0&)�,5,4v4N&	"0@0 #�, #�04N5, o-�_)<=��4,n���&)�>@/n
(m∗ = 0.07m0)

 o*6&)"0&v&L�! /7;*� /"!& �!A,"0&
&)7h\F�� /���0 { T = 295K } n�&;<�&)"0-.AF"!&�5,4M�,485,4;�!"!&	�,@0�=@%�!4)"+5F ��!4T(/4;SaA��)���!�=(/4T5, #U) j@0&	�!�=@%$'&)s# /"&�5, /@%��-.A,&)<�56&	5, 

W < 14nm. { � I � }
x &)@E@0�=7hA,<�&)1/�T /@E@0 #"!_;AF�!�=<���s/&)5,4

W = 10nm
I:[ @%�P&;<b&)"%-.A,"0&hd�*� /SaA, #�6&85, #78&)�=@:*6&)"0&;4

 /@O�P&)5F4;5,&�&)"%�0 `56&j�! #(/�,4)<�4.-.��&�5, y<=�=�04.-."!& � &FnT&)*� /@!&	"�5, y*,"%4 U	&3U. #<�7; /���! y #<b&j@% /"E&)<=(3&)�F13_3U. #<
 /7 A,7 $?AF�0A,"04R�62)4R�P2	4;5F��@%�!&)���! I



� �

k & [ SaA6&)1/2)4 �.I � � (/4.�,(#<�A,��C @% �SaA, X*6&)"0&HA,7M&N(/4.�,5FA,132)4�5, L7;4T5,4N|,�,��(#4 { M = 1 } n5, �U. �CD@0 ��! #"/�

λF = 2W, { � I
� }
W &)"0&M4MU	&)<=4."+5, W  #@0(/4)< 9 �=5,4,n6�! #7RCD@0 λF = 20nm

I]c *6&)"4�)7M ��!"%4M5, �"0 #5, hAF�0��<��=s3&)5F4
d
a = 0, 5nm

nm4^SaA, �(/4."%"0 #@0*�4.�,5, R&8AF78&R�6-.A,"0&^(/4.7
PW = 19

I � &)7j\md#7 $?4)�lAF�0��<��=s3&)5F4
A,7 *6&)"4�)7; #�!"%4�5F L"0 #5, 

a = 0, 25nm { PW = 39 } np(/4.7 &��,�6&)<��=56&)5, �5, L&)A,7; /���P&	"8&
*,"% /(/�=@!2)4�5,4.@�"% /@0AF<=�P&	5,4.@/n]*m4."%d/7 �,2)4�$?4)"!&)7  #�,(/4)�a�0"!&)5,&)@X5F��@0(#"0 #*��)�,(#�b&)@�@0�=-.�,�K�6(3&	�0�=U	&)@
 /���0"0 �&)@�5,A6&)@� #@0(/4)< 9 &)@#nr4 SaA, od^5, 8@0 ^ #@0*� /"!&	"/n *m4)��@�&)7h\6&)@h&)@h4.*�1/�T /@�@!2)4v5, #@0(#"0��1#�B #@
&)*,"%4.*,"%�b&)56&	@�5F4 <��=7M�K�! h(#4.���!���aA,4 { λF � a } I Gp4)7 \,&)@0 M�, /@%@0 ^"% /@0AF<=�P&	5,4,nl4)*F�!4.ATC @0 ;*�4."
AF�0��<��=s3&)"

a = 0, 5nm
n	(/4.7 4`*,"%4.*mY)@0�=�04]5, g"0 #5,A,s/�="l4`(#A,@%�04y(/4.7;*,AF�!&)(/�=4.�6&)<a56&	@l@0�=7hA,<�&)1/�T /@ I

� @0&)�,5,4N& [ SaA6&	132)4 � I��  M4.@jU	&)<�4)"0 /@�5, 
a
 
λF

(3&	<�(/AF<b&)5,4)@/nl(#4.�,(#<�A,��C @0 MSaA, ^4L$'&	�04."�5, 
&)(#4.*,<b&	7M #�a�04]�,4)"07M&)<��=s3&)5,4E*6&	"!&]SaA, �4>�!"!&	�,@0*�4."%�0 p4T(/4."%"!&]dgA,7 |,�,��(#4`7;4B5,4Fn	d

t = 40, 52
I

[ @%�0 `d]4jU	&)<=4." 5,4j$'&	�04."�5, `&)(#4.*,<�&)7M #���!4
t
AF@!&)5,4j*6&)"!&�4.\F�0 /"p4)@p"0 #@0A,<K�P&)5F4.@/nF&�7; /�,4.@gSaA, 

@0 �5,�=-�&�4R(/4.���!"0_)"0�=4 I
x &)@N*,"%YfZB�=78&)@L@0A,\,@% /(#1/�T /@/nM4.@v�!"0&)�,@0�=@%�04."0 #@v /@%�!2)4�(/<b&	@0@0�K�6(3&	5,4.@N5, �&)(/4)"05,4 (/4)7 4

�a|,7; /"04R5, ��!4T(/4)@ I

��������� �	��

������������������� 
��	��� 
!�#"�� ���$�%�'&("�)
�������%�

Gp4.�,@%��5, #"0 +&��6&)�,4T /@O�!"0AB�!A,"0&�(#4.7 A,7 |F�,��(#4��04B(#4�(/4.7;4�7M4.@O�!"0&)5,4��6& � ��-)A,"!& � I��BI � @!&)�F5,4
A,7M&L /�F /"0-)�b&L�=�,(/�=5, /���! M���,�=(/��&)<r��-.A,&)<p&X5,4 *,"%��7; /��"%4X7;4T5,4

E1 = 53meV
nr4 -)"!_	�6(#4 56&

(/4)�,5,AF� �)�,(/��&��,4."%78&)<=��s/&)56&N /7 $?A,�,132	4~56&� /�, #"0-.��&����,(#��5, #���! �,4)"07M&)<��=s3&)56&Nd 7;4.@%�0"!&)5F4
�6& � ��-.A,"0& � I��FI c "0 /@%A,<=�!&)5,4�(/4.�F�,"07M&QSaA, 4�5,�=@0*�4.@0�K�!�KU.4H"0 3&	<�7; /���! ��! /7 &)*� /�,&)@^A,7
|,�,�=(/4o7;4B5F4 I�c *�4)�! #�,(/��&)<l #<�d��!"0�=(/4o&	*,<��=(3&)5,4 �^*m4."O�P&8dh�BZ,&	5,4� /7 s# /"%4,n

L = 73, 3nm
 

Ltoco = 11nm
I

Gp4.�,@0�=5, /"0&)�,5,4�&)-.4."0&�A,7 5,��@%*m4)@0�=�0�=U)4�(#4.7 SaA6& �!"04Q(3&)�6&	��@85F L�!"0&)�,@07;��@%@!2)4Q&)\� /"%�04.@/n
4.@y #@0*6&)< 9 &)7; /���!4)@/n�5, #UT�=5,4.@�A,�,�=(3&)7; /���! R&o #@%�!"%AF�!AF"!&�-. /4.7;d#�0"0�=(3&85,4�5,�=@0*�4.@0�K�!�=U)4,nm$'&	s/ /7
(/4)7 SaA, o@%A," q &XA,7 *6&)5,"02)4 5, ^�=���! /"O$? /" � �,(#�b&X #���!"0 o4)@j5,�K$? /"0 #���! /@j7M4T5,4.@ I c -."0_	�6(/4L56&
(/4)�,5,AF� �)�,(/��&h�,4."%78&)<=��s/&)56&� /7 $?AF�,132)4�5,&h /�, #"0-.��&j���,(#��5, #���! `�,4)"07M&)<��=s3&)56&�d`7;4.@%�0"!&)5,4j�6&
� �=-.A,"!& � I 	 I x  /@%�!&�@0�=7hA,<b&	132)4,n

W = 10nm
n
PW = 19pixels

n
Ltoco = 50nm

n
M =
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� �=-.A,"!& � I�� � c �!"0&)�,@0�=@%�04."��!4T(/4R@0�=7M*F<� /@:SaA��	�a�0��(#4;(#4.7�&)*� /�,&)@EA,7 |,�,�=(/4R(3&	�6&)<�5, y�!"0&)�,@ C
7;��@0@02)4H&)\� /"%�04 I ��� � � �,7Xng& � � n � �,7�n

PW = 19pixels
n
Ltoco = 11nm

n
M = 1 { A,77;4B5,4 }  t = 40, 52

I

4 { SaA6&	�0"04�7;4B5F4.@ }  t = 2, 53
I�� �����! #"0 /@%@!&)���0 (/4.7;*6&)"0&)"R /@O�! "% /@0AF<=�P&	5,4Q(#4.7 4.@856&

� �=-.A,"!& � I
� nF4.�,5, �4.@E(/4)�,5,AF�04."0 #@+@02)4;*,A,"!&	7M #�a�0 �\6&)<��=@%�0��(/4)@ I
x &)@h5FA6&)@�@0�=7hA,<�&)1/�T /@h@% /-.AF�����! #@/n�&v /�, #"0-.��&L���,(#��5, #���! { 5F #�! #"07;���6&	56&L*� /<�4v*�4)�0 /�,(#�b&)<5, ^5F"0 /�F4 } d8�FZF&)5,&L /7 A,7M&L*m4)@0��1/2)4,n�5F 8$?4."07M&L&X4.\F�! #"�&)*� /�6&	@jA,7 (3&)�,&)<�&)\� /"O�!4,nl4.A

@0 q &Fn &  /�F /"0-)�b&L�=�,(/�=5, /���! 
E
 ^4 $'&	�04."j5F o&)(/4)*,<b&)7; /���04

t
�,4."%78&)<=��s/&)5,4.@�@!2	4

1
 

40, 52"0 #@0*� /(��!�=U	&)7; /���0 )nr ^4 *�4)�0 /�,(#�b&)<g&)*,<=��(3&	5,4 � *�4."O�P&Xd^&)<=�0 /"!&	5,4 I � (/4.�F5,AF� �	�,(/��& �,4."07M& C
<��=s3&)5,&H #7 $?A,�F132)4�56&��! #�,@!2	4~56&�*�4."%�!&Q@!2	4�&)*,"% /@% /���P&)5,&)@o�6&)@ � ��-.AF"!&)@ � I 
  � I ,FI c @
"0 #@0A,<K�P&)5F4.@o7M4)@%�!"0&)7 SaA, H&�(/4.�,5FAF� �)�F(/�b&QU	&)"%�b&Q #���!"0 Ns# /"04  vA,7�nE(/4.7 &QU	&)"0��&)132)4Q56&
�! #�,@!2	4H5F o*m4."O�P& IHx & � ��-.AF"!& � I�
 nr�0 /7�C @0 85,4.��@�s/ #"04.@R56& (#4.�,5,AF� �)�,(#�b& 4.A~5,A,&)@R&)���!�="0 �C
@0@%4.���)�F(/�b&	@ I�x & � �=-.A,"0& � I , n �! #7RCD@0 r�!" � @�&	�a�0��"% /@0@%4.���)�F(/�b&	@ I W &)"!&+*6&)"0&E�0 /@%�!&)"�&:U. #"!&)(#��56&	5, 
56& [ SaA6&)1/2)4 �.I ��� nl5,4.��@�U	&)<�4)"0 /@�5, 

Ltoco

@!2)4 AF@!&)5,4)@ I �  /�, #"0-.��&X���F(/��5F /���! Md
53meV

 
λF = 20nm

I W 4."%�!&)���!4,n�*6&)"!& Ltoco = 29nm
n��! #7RCD@0 

m = 1
 �4^�a|,7; /"%4o5, �7;���,�=7M4.@Ed

m + 1 = 2
I W &	"!& Ltoco = 50nm

n��! #7RCD@0 
m = 2

 �48�a|,7; /"0485, j7;���,�=7M4)@:d
m + 1 = 3

I
c SaA, � /@O�P_R5, �&)(/4)"05,4R(/4)7 4.@E"0 #@0A,<K�P&)5,4)@:56&)@E@0�=7hA,<b&	1/�T /@ I

� (#4.�,5,AF� �)�,(#�b&��,4."07M&)<=��s3&	56&` /7 $?A,�F132)4�56&� #�, /"%-.�b&����,(#��5, #���! E >5F4j*�4)�! #�,(/��&)<6 /<=d#�!"%��(#4
56&:*�4."%�!&Ed 7;4.@%�0"!&)5,&E�,& � ��-.A,"0& � I � �FI�x 4)�!& C @% STAF �*,&)"!&:U	&)<�4."% /@� #7 SaA,  /�, #"0-.��&E�=�,(/�=5, /���0 
*6&)@%@!&X&� ZF(#�=�!&)"�7M&)�=@y5, MAF7 7M4T5,4,n�&�(/4.�F5,AF� �	�,(/��&X@0 ;(/4)7M*�4."%�!&o5, M7M&)�, #��"0&� #"0"0_	�!�=(3&Fn
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� �=-.A,"!& � I 	 � � "0&)�,@%��@%�04."R5, ��!4T(/4HSTA �)���!��(#4�@%��7;*,<� #@�(/4.7�SaA6& �!"04�7M4T5,4.@ I
W = 10nm

n
a = 0, 5nm

n
PW = 19pixels

n
Ltoco = 50nm

n
M = 4 { SaA6& �!"04R7;4B5F4.@ }  t = 2, 53

I
(/4)7M4 q _ 9 &3UT�b&�@0�=5,4;&)*m4)�a�!&)5,4R�,4R*,"%��7; /��"%4h(3&	*,�=�0A,<�4 I

W &)"0&`*m4."� /7 5, /@O�P&)SaA, :4y(#4.7M*�4."O�P&)7; /���!4>5,4y5,�=@0*�4.@0�K�!�=U)4`(/4)7 7M&)��@�5, :A,7 7;4B5,4]*,"04	C
*6&)-.&)���! I�c -."0_	�6(/4�*,&)"!&hA,7M&h /�F /"0-)�b&j�=�,(/�=5, /���! ] /@0*� /(#�=�6(/&�5, 

E = 55, 8meV
d>�!"!&	13&)5,4

@0 #*6&)"0&)56&)7; /���! X L7;4.@%�0"!&)5F4��6& � ��-)A,"!& � I � �.I W 4T5, X@0 /"M4.\,@% /"%U	&)5F4�4Q(#4.7M*�4."O�P&)7; /���!4
 /"%"!_	�0��(#4;5,&R(#4.�,5,AB� �)�,(#�b&�*� /<�4�$'&	�04R5, � �ZB��@O�!��":7M&)�=@�5, �A,7 7;4B5F4� �ZB(/�K�P&)5,4 I

[ @O�! #@^"0 #@0A,<K�P&)5,4)@^@!2)4)@8�����0 /"0 #@0@0&)���! /@#n]*�4.��@;(/4)7M*,"%4fU)&	7 SaA, LdL*�4.@0@%�=U. #<](#4.���!"04)<b&)"M&
�!"0&)�,@%7M�=@0@!2	4��,4�(3&)�,&)< ng&)*,<=��(3&	�,5,4	CD@0 �A,7�*�4)�! #�,(/��&)<:5, �(/4.���!"%4.<� X&)4N�!4T(/4,ng4QSaA, XdX|F�0��<
 /7�A,7M&8<�Y.-)��(3&;5,��-)�=�P&	< n6*�4."` �ZB #7M*,<=4 I � 7M&)��4)">5,�K�6(/AF<�56&)5F h*,"!_ �!��(/&M�6&^�=7M*F<� /7; /���!&)132)4
5, #@%�! y�0"!&)�,@%��@O�!4.":d�SaA, �&�<b&)"%-.A,"!&�56&;"% /-.��2)4h5, �&)���0��"0 #@0@%4.���)�,(#�b&�d� /@O�!"0 #�=�!&R5F /7M&)��@#nF4RSaA, 
��7;*,<=��(3&v�6&��F /(/ #@0@%��56&)5F v5, v& q A,@O�P&)"M4�*�4)�! #�,(/��&)<>5F *m4)"%�P&�(/4.7 -."!&	�,5, L*F"0 /(#��@02)4�*6&)"0&
4.\F�0 /"R&v"0 #-.�b2	4v5, �(/4."O�! o5,4v�!"0&)�,@%��@%�04." I�[ @O�! �*,"%4.\,<� #78& 5F �& q A,@%�0 o�6�,4,n��, /(# /@%@!_)"%��4H�6&
(/4)�,@%�0"0A,1/2)4L5, ;5,�=@0*�4.@0�K�!�=U)4.@ySaA��)���!�=(/4.@�5, ;�����! #"%$? #" � �F(/�b&Bn�$?4)�r���,�=(/�b&	<�7; /���! �&	*m4.���!&)5,4�*m4)"
+�&)�,56&	A, /"�. � , 0 I

x &)@N*,"%YfZB�=78&)@v@% /(#1/�T /@H@0 /"02)4� �ZF&)7;���6&)5,&)@v-. /4)7M ��!"0��&)@vSaA, *m4)@0@!&	7 &)<b&)"%-�&)"X /@0@0&)@
"0 #-.���T /@ I c &)<b&)"%-�&)7; /���!4v5,&)@M"% /-.�=�B #@R5, X\F<�4TSTAF /��4 { &)���!�="0 /@%@04.� �)�,(/��& } dX5F /@0 q _3U. /<+*6&)"0&SaA, �4;(#4.7;*m4."O�P&)7; /���04�5,4��!"!&	�,@0�=@%�!4)":(/4.7;4R( 9 &3U. �@0 q &R\� /7 5, ��6�,�=5,4 I
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